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Abstract

This thesis investigates the properties of exciton states in semiconductor nanocrys-
tals using effective mass models. We focus on type-II core-shell nanocrystals in
which the staggered band alignments of the core and shell material mean the lowest
energy states for electrons and holes lie in different spatial regions, giving rise to
spatially indirect excitons.

The technological potential of type-II nanocrystals provides motivation for un-
derstanding single exciton states which determine many important optical proper-
ties. In the first research chapter we study CdTe/CdSe and CdSe/CdTe nanocrystals
using a single-band and (2,6)-band effective mass model. The (2,6)-band model is
based on a multiband k·p theory previously developed for spherical quantum dot
heterostructures (QDHs). We calculate exciton energies as a function of QDH core
radius a and shell width as, and assign four exciton transitions in the experimental
absorption spectra of CdTe/CdSe nanocrystals.

The second research chapter is concerned with strained ZnTe/ZnSe nanocrys-
tals. The (2,6)-band model was modified to incorporate strain using a continuum
elasticity model. Exciton energies from absorption spectra were compared with the
predictions of the strained and unstrained nanocrystal models. The models could
only reasonably describe the lowest exciton energy of one of the three size series.
Improved agreement was found for the change in exciton energy due to a particular
shell width, with the strained nanocrystal model giving much better fits to the as-
dependence. The as-dependence of nanocrystals with alloyed heterointerfaces was
better described by the unstrained nanocrystal model, indicating alloying relaxes
the strain in this system.

In the final chapter we model spatial correlations between the electron and hole
wavefunctions in CdTe/CdSe and CdSe/CdTe nanocrystals using a configuration
interaction approach. Using the (2,6)-band theory with the numerical model of the
Coulomb interaction we found that the single-particle basis can be restricted without
changing the resulting exciton energies significantly. Using this decoupled configu-
ration interaction approach we calculated exciton energy shifts due to correlation
as a function of a and as and radial probability densities. Dielectric confinement
increased correlation for many QDH designs by shifting carrier wavefunctions away
from the surface, and the interparticle Coulomb interaction led to large changes in
radial probability density for the uniform dielectric constant case. The behaviour
of the charge density with core radius and shell thickness was due to the net ef-
fect of the type-II spatial confinement, interparticle Coulomb attraction, dielectric
confinement and single-particle electronic structure.
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Introduction

Motivation

Semiconductor technology in the twentieth century has been dominated by ‘top-

down’ approaches to device fabrication. The lithographic technology employed in

microelectronics has enabled the exponential growth in performance of computer

central processing units (CPUs) known as Moore’s Law. However some believe

we are beginning to reach the limits of such technology; the miniaturisation of

transistors at and beyond the 22 nm process may become difficult due to issues of

heat dissipation and quantum tunnelling.1

In contrast nanotechnology, which seeks to manipulate matter at the nanometer

level may allow us to harness quantum size effects to develop new materials and

devices. For example, ‘bottom-up’ approaches are used to synthesise semiconductor

nanocrystals (NCs) with a wide variety of size, shape and composition using colloidal

chemistry. Quantum confinement enables the absorption and emission spectra of

semiconductor NCs to be controlled purely by changing the size of the particle. This

makes NCs of interest for a wide variety of technological applications, particularly

in optoelectronics. NCs are also of interest for basic research because they enable

the study of quantum confined charge carriers in what can be viewed as ‘artificial

atoms’.

The ability to design and grow new NCs suitable for applications relies on under-
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standing the underlying physics which gives rise to their optical properties. Mod-

elling can help us to understand how nanostructure shape, size and composition

affect properties such as absorption and emission spectra, and can therefore help

inform experimental work about which nanostructure designs may be suitable for

applications.

The next section gives a brief overview of the contents of the following chapters.

Outline

Chapter 1 introduces semiconductor nanostructures such as quantum dots (QDs)

and quantum dot heterostructures (QDHs). We review the basic properties of NCs

and examine some of the possible technological applications.

In Chapter 2 we review some of the most important atomistic methods for cal-

culating the electronic structure of nanostructures. These methods are based on the

quantum mechanics of individual atoms, and are divided into ab initio and empirical

models.

Chapter 3 introduces the continuum methods that form the basis of the work

in this thesis and provides the theoretical background for the following chapters.

We describe the k·p approach to bandstructure calculation, including the 6-band

Luttinger-Kohn Hamiltonian and more sophisticated theories. We see how bulk k·p

Hamiltonians can be applied to QDs such as CdSe NCs. We also consider QDHs and

some of the issues involved with modelling nanoscale systems consisting of more than

one semiconductor. We describe how many theoretical controversies were resolved

by Burt’s envelope function representation, and review an 8-band and (2,6)-band

theory developed in this framework for spherical QDHs. Finally we discuss the

treatment of the Coulomb interaction in QDs and QDHs, reviewing a numerical

model which allows the description of dielectric mismatch in conjunction with finite



14

potential wells without divergent self-energies.

In Chapter 4 we apply a (2,6)-band and single-band effective mass approximation

(EMA) to CdTe/CdSe and CdSe/CdTe core-shell QDHs characterised by core radius

a and shell width as. We use absorption data to locate the exciton energies of

a = 1.95 nm CdTe/CdSe NCs. We calculate single-particle, Coulomb and exciton

energies as a function of a and as for 1s1/2nS3/2 (n = 1, 2, 3) excitons, enabling us to

understand how these properties change with the localisation regimes of the charge

carriers. Although the two models agree with each other and the data for the lowest

exciton, higher excitons require the use of the (2,6)-band model since a realistic

description of the valence band is needed to accurately calculate excited hole states.

The (2,6)-band model allows us to assign the first four exciton transitions measured

in the CdTe/CdSe NC absorption data.

Chapter 5 is concerned with ZnTe/ZnSe NCs which are strained due to different

lattice constants of the core and shell materials. We briefly describe the synthesis

by Fairclough of three size series of ZnTe/ZnSe NCs with a = 1.2, 1.8 and 2.3 nm.

X-ray diffraction characterisation showed that the crystal lattices were distorted

due to strain. The original (2,6)-band theory is modified by the author to include

the effect of strain on the QDH band gaps and other EMA parameters using a

continuum elasticity model. We find that only the 1s1/21S3/2 absorption wavelengths

of the a = 1.8 nm size series are well described in the unstrained or strained QDH

model. However the exciton redshift with as relative to the core NC is accurately

described, with the strained QDH model giving a superior fit. We also find that the

unstrained model accurately described the exciton redshift of NCs with an alloyed

heterointerface, indicating the strain is relaxed in these structures compared to NCs

with sharp interfaces. Higher exciton states are also calculated and compared with

experimental data; we find some transitions only match energies of dipole-forbidden

transitions, and discuss some possible reasons for this.
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In Chapter 6 we apply the configuration interaction method to CdTe/CdSe and

CdSe/CdTe QDHs using the (2,6)-band theory. We focus on the 1s1/2nS3/2 excitons,

and map the exciton energy relative to first order perturbation theory as a function

of a and as. We perform calculations using a uniform dielectric constant ε = 6.65

and non-uniform spatial dielectric constant to distinguish the effects of dielectric

confinement. Correlation between the electron and hole tends to zero in the type-

II limit of spatially separated charges, and is larger in the type-I and quasi-type-

II regimes. We find the largest changes in radial probability density and exciton

energy occur for the 1s1/23S3/2 excitons in those areas of (a, as)-space for which the

2s1/21S3/2 single-particle gap is smaller than the 1s1/23S3/2 gap. In these regions

when ε = 6.65 the 1s1/23S3/2 exciton mainly consists of the 2s1/21S3/2 electron-hole

pair due to interparticle Coulomb attraction. Therefore correlation in these QDHs

is due to the interplay of the spatial confinement by the type-II band alignment, the

single-particle electronic structure, the interparticle Coulomb interaction and the

self-polarisation potential due to dielectric mismatch.



Chapter 1

Introduction to semiconductor

nanostructures

In this chapter we focus on semiconductor nanostructures which constitute a large

and rapidly evolving field, having impacted the development of lasers, quantum in-

formation processing, biological labelling and various nanoscale devices. It is there-

fore difficult to overstate the technological importance of such structures and the

need to develop rigorous understanding of their fundamental physics as a means to

control their properties. We start by briefly reviewing some of the basic proper-

ties of bulk semiconductors before considering some of the solid state and colloidal

nanostructures that have been developed over the past few decades.

1.1 Bulk semiconductors

Bulk semiconductors consist of three dimensional lattices of atoms (Fig. 1.1(a))

whose translational symmetry imposes a particular form on the electron wavefunc-

tions. The periodic potential V means that electrons can only have certain energies

and form continuous bands; Fig. 1.1(b) shows a simple picture of the conduction
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Figure 1.1: (a) A crystal lattice. (b) A filled valence band (VB) and empty conduction
band (CB) at 0 K. (c) An electron (blue circle) is excited across the band gap at a
temperature above 0 K, leaving a hole (red circle) in the VB.

band (CB) and valence band (VB). Neglecting spin-orbit effects the Schrödinger

equation for the electron in the crystal is

(
p2

2m0

+ V

)
ψnk = Enkψnk (1.1)

where p = −i~∇, m0 is the electron mass, Enk is the energy, k is the wavevector

and n is the band index. Bloch’s theorem states that the solutions to Eqn. 1.1 are

Bloch waves (BWs) given by

ψnk(r) = eik.runk(r). (1.2)

The lattice Bloch functions (LBFs) unk have the same periodicity as the crystal

lattice. Most semiconductors considered in this thesis have either the diamond

structure or zinc-blende (ZB) structure in which atoms are tetrahedrally bonded.

Figure 1.2 shows unit cells for diamond, ZB and wurztite lattices; we use Ω to denote

the volume of a unit cell.

The behaviour of semiconductors is temperature-sensitive. At absolute zero the

VB is completely filled while the CB is empty (Fig. 1.1(b)); empty or full bands
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Figure 1.2: Unit cells of (a) a diamond lattice, (b) a ZB lattice and (c) a hexagonal lattice
(adapted from Ref. 2).

cannot conduct a current so the material is an insulator. At higher temperatures

a few VB electrons may get enough energy to cross the into the CB, creating an

electron-hole pair (Fig. 1.1(c)). The lowest energy state of the electron-hole pair

(EHP) is a bound state (exciton) produced by electrostatic attraction characterised

by the exciton Bohr radius aB; more strongly bound excitons have smaller Bohr

radii.3 If the electron and hole recombine the exciton is annilhilated and a photon

emitted by radiative recombination.

The exact energy distribution of electrons is determined by Fermi-Dirac statistics

which are strongly temperature dependent. Therefore the overall carrier distribution

in bulk semiconductors is temperature sensitive, leading to temperature dependent

emission spectra. From a technological point of view this can be unfavourable, but

as we shall see may be overcome by introducing quantum confinement.

1.2 Lasers and nanostructures

Some of the earliest investigations of quantum confinement began with work on

semiconductor heterostructure lasers.

The earliest diode lasers were based on a homojunction between n- and p-type

regions of GaAs (Fig. 1.3(a)). Electrons are injected from the n-type side and

holes from the p-type side; when they recombine light is emitted. Such homostruc-

ture lasers were characterised by high threshold current densities and low operating
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Figure 1.3: (a) Representation of a GaAs homostructure laser, showing the direction
of laser light emission. (b) An AlGaAs/GaAs/AlGaAs DH laser; (c) and (d) show cross-
sections of the homostructure and DH laser with the corresponding band profiles (adapted
from Ref. 4).

temperatures, due to leakage of laser light and diffusion of carriers away from the

junction. Carriers could easily diffuse away from the junction due to the profiles of

the conduction band minimum (CBM) and valence band maximum (VBM), shown

in Fig. 1.3(c). Attempts to operative the devices above liquid helium temperatures

led to thermal destruction of the junction.4

Many scientists realised the potential impact of room temperature diode las-

ing, and many research teams began working towards this. In 1963 Kroemer5 and

Alferov and Kazarinov6 independently proposed the double heterostructure (DH)

consisting of a higher band gap material surrounding a narrower band gap material

(Fig. 1.3(b)). The DH band profiles confine charge carriers to the active region

(Fig. 1.3(d)), and the differences in refractive index of the materials give better

waveguiding of the emitted light. After much experimental work on different ma-

terial combinations such as GaAs/Ge/GaAs and GaP/GaAs/GaP, Rupprecht and
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Woodhall at IBM and Alferov at the Ioffe Institute (St. Petersburg) found the

ternary compound AlGaAs could be grown on GaAs substrates. In 1968 Alferov

et al. demonstrated the first DH AlGaAs/GaAs/AlGaAs laser operating at room

temperature.7 Alferov and Kroemer later recieved the Nobel Prize in physics for

their work.

Laser diodes are now central to many modern day technologies such as barcode

scanners, telecommunications (including the Internet), laser printers, laser medicine

and many others.4

1.2.1 Quantum wells

If the layer width d of the DH laser (Fig. 1.3(d)) is reduced to the order of the

electron or hole de Broglie wavelength (λe or λh) or the exciton Bohr radius aB a

quantum well (QW) is formed. QWs are two-dimensional (2D) nanostructures be-

cause carriers are confined in two spatial dimensions. Experimental investigation of

such structures8 had to wait for the development of molecular beam epitaxy (MBE)

that enabled the growth of very thin crystal layers9,10 and selective chemical etch-

ing.11 In 1974 Dingle, Wiegmann and Henry8 demonstrated confinement effects by

measuring the absorption spectrum of a QW formed using MBE from a GaAs layer

sandwiched between AlxGa1−xAs layers. They found a number of discrete levels in

the absorption spectrum whose energies depended on the well width, demonstrating

the presence of quantum-confined states. Their calculations indicated that the CBM

and VBM of the heterostructure formed a rectangular potential well for the charge

carriers.

After the experimental confirmation of these quantum effects Henry realised that

the electronic density of states in the QW could be harnessed in a laser.12 The sharp

edges of the density of states would concentrate electrons in energy states near the
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transition energy so the emitted spectrum would have a narrower bandwidth, giving

a more efficient laser. Also the laser wavelength could be modified by changing

the QW width, compared to a conventional laser in which the layer composition

would need to be altered.12 The QW laser was patented in 1976.12 QW lasers are

now widely used in solid-state physics for their superior performance compared to

conventional DH lasers. Single and multiple QWs have also been used in a range of

optical devices, such as photodiodes,13 light-emitting diodes (LEDs)14,15 and optical

switching devices.13

1.2.2 Nanowires and quantum dots

In the eighties researchers turned their attention to nanostructures of lower di-

mensionality, namely the nanowire (NW) and quantum dot (QD).16 Nanowires are

one-dimensional (1D) structures because carriers are free to move in one dimen-

sion and confined in all others. Similarly, QDs are zero-dimensional (0D) because

charge carriers experience confinement in all three spatial dimensions, i.e. they have

width, height and length comparable to or smaller than λe, λh and aB.3 Figure 1.4

shows the change in electronic density of states as the dimensionality of the system

changes, from the bulk to QDs.

The change in density of states has implications for technological applications

of these structures in semiconductor devices such as lasers. The abrupt edge of

the QW density of states and the delta-functions seen in the QD density of states

concentrates electrons in energy states that contribute to laser action, leading to

more efficient lasers. This enabled the reduction of the laser threshold current

density from the bulk DH devices, through QW devices and then QD lasers (Fig.

1.5). The change in density of states also leads to reduced temperature dependence

of the threshold current in lasers based on QWs or QDs17 compared to the bulk
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Figure 1.4: (a) Representations of a bulk system, a quantum well, a nanowire and a
quantum dot. (b) The corresponding electronic density of states.

material. Lasing from NWs was not demonstrated until 2001 by Yang et al.18 using

optically pumped ZnO NWs, whilst electrically pumped lasing from the same system

was not achieved until 201119 so NW lasers are still in the research and development

phase. These developments show that merely changing the dimensionality of a

material can profoundly alter its properties.

Epitaxial NWs and QDs can be fabricated from QWs by further restricting the

electrons using electrostatic gates or lithographic techniques.21 Lithographic tech-

niques that have been developed include UV and X-ray lithography22 and focussed

ion-beam (FIB) writing. These are top-down strategies for nanostructure fabrica-

tion because they involve modifying bulk materials to form nanoscale structures.

Generally such strategies are difficult to use for the production of large numbers of

nanostructures and may lead to surface imperfections in the resulting structures.23

A contrasting approach to nanostructure fabrication is the bottom-up method

which attempts to build a material from smaller constituents, whether they are

atoms or molecules.23 Generally the bottom-up approach is better suited to produc-
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Figure 1.5: The change with time of the room-temperature threshold current density
of semiconductor lasers with active regions of different dimensionality. The names of
associated researchers are shown alongside (adapted from Ref. 20).

ing nanostructures with fewer defects and in greater quantities than the top-down

method.

The use of Stranski-Krastanov (SK) growth24,25 is a bottom-up technique by

which thin films grow epitaxially on a substrate of a different material. The lattice

mismatch of the materials leads to the growth of a strained film, and at a critical

thickness three-dimensional islands form which reduce the strain energy in the crys-

tal26. SK growth can be used to produce arrays of ‘self-assembled’ QDs. Such QDs

were used by Ledentsov and others in the 1990s and 2000s to develop QD lasers with

low threshold current densities (Fig. 1.5) and temperature-insensitive operation.27

Another bottom-up approach is wet colloidal chemistry. Colloidal chemistry

has been used in recent years to grow many different nanostructures in solution,

including NWs and QDs - such structures are called nanocrystals.
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1.3 Nanocrystal quantum dots

1.3.1 Basic properties

NCs can be defined as particle which have at least one dimension smaller than 100

nm and are single-crystalline in nature.28 NCs typically consist of a few thousand

to a few hundred thousand atoms and possess properties found in neither bulk nor

molecular systems so are mesoscopic systems. NCs can be synthesised from metallic,

magnetic, dielectric and semiconductor materials.29

The term cluster (or nanocluster) is sometimes used interchangeably with

nanocrystal in the literature. However clusters are usually in the size range 0.5-

1.5 nm and have atomic structures completely dissimilar to the bulk material, and

are considered as large molecules; their properties are often discontinuous with re-

spect to size and shape. NCs have atomic structures similar to or the same as the

bulk with properties that scale with size.30

Semiconductor NCs are QDs if excitons produced in the crystal experience spatial

confinement in all three dimensions due to their small size. One of the best-known

400                visible                  700
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ZnSe

ZnS CdSe PbS

CdTe

CdSe/Te CdHgTe alloys

λ (nm)

(a)                                                                         (b)

Figure 1.6: (a) Phials of different size CdSe NCs photoluminescing under illumination by a
single light source.31 (b) NC materials represented in terms of their emission wavelengths
superimposed over part of the electromagnetic spectrum (adapted from Ref. 32).

characteristics of NCs is the size-dependence of electronic and optical properties,
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observed for both metal33 and semiconductor NCs.∗ The photoluminescence (PL)

energy of NCs is strongly size-dependent and can be altered by over 1 eV for many

different materials.34 Figure 1.6(a) shows phials of different size CdSe NCs in so-

lution illuminated by a single light source. As the NC size decreases from left to

right the emission wavelength decreases due to the changing quantum confinement

of the emitting exciton state - NCs are said to have size-dependent band gaps. Fig-

ure 1.6(b) shows the NC emission wavelengths that can be obtained from different

semiconductor materials.

The size-dependent band gap arises from the discrete electronic density of states

in the NC QD (Fig. 1.4). The continuous fixed energy bands of electrons and

holes in the bulk material (Fig. 1.7(a)) are replaced by discrete quantum size levels

(QSLs) whose energies are determined by the QD size (Fig. 1.7(b)). QSLs are

often labelled with notation reminiscent of atomic physics, such as 1S, 2S, etc.35 to

indicate their symmetry. In this thesis we use lower case letters to denote electron

QSLs, and upper case letters for hole QSLs. Transitions between QSLs (vertical

arrows in Fig. 1.7(b)) give rise to lines in the absorption spectrum (Fig. 1.7(c)).

The energy difference between the lowest electron QSL and the lowest hole QSL is

the single-particle gap EQD
g(sp). The lowest energy absorption line occurs at an energy

corresponding to the lowest exciton energy in the QD, and is the QD optical gap

EQD
g . The optical gap is often calculated using EQD

g = EQD
g(sp) + Ec where Ec is the

Coulomb energy.

If the QD is modelled as a spherical ‘quantum box’ or infinite potential well of

radius R, quantum mechanics predicts a change in the band gap EQD
g proportional to

1/R2 (Ref. 35). This ability to dramatically change the electronic structure of NCs

by changing the size makes them ideal systems for nanoscale physics experiments, as

∗From this point the term ‘nanocrystal’ is taken to mean semiconductor nanocrystal unless
stated otherwise.
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Figure 1.7: (a) A simple picture of the CB and VB of a bulk semiconductor. (b) The QSLs
of a QD that originate from the bulk CB and VB. Vertical arrows represent absorption
transitions. (c) The absorption spectrum of the QD (vertical lines) superimposed on that
of the bulk material (adapted from Ref. 35).

well as highly versatile materials whose properties can be tailored towards specific

applications.

1.3.2 Nanocrystal heterostructures

Advances in colloidal chemistry have allowed the synthesis of NCs consisting of

more than one semiconductor - these are called heterostructures. Various NC het-

erostructures has been synthesised over the years, including core-shell NCs, three

layer quantum dot quantum wells (QDQWs) and shape-controlled nanoparticles

such as heteronanorods36 and tetrapods.37 Heterostructures which impose confine-

ment in all three dimensions (e.g. core-shell NCs) are sometimes called quantum dot

heterostructures (QDHs). In this thesis we reserve the term QDH for the theoreti-

cal model, and use NC or NC QDH to describe the actual physical system. Novel

heterostructures in which a 1D quantum rod is grown around a QD have also been

synthesised, such as the CdSe/CdS ‘dot-in-rod’ NC.38–40 These systems are expected

to have interesting properties due to their mixed dimensionality.
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1.3.2.1 Core-shell NC Synthesis

In 1996 Hines and Guyot-Sionnest grew ZnS shells on CdSe cores to produce

CdSe/ZnS core-shell NCs using a ‘one-pot’ organometallic synthesis.41 The resulting

NCs had QYs of 50 % and a broad tail in the fluorescence spectrum of the bare NCs

due to surface traps was eliminated.

Unfortunately the high reactivity of the organometallic precursors does not allow

fine control over shell growth kinetics,42 producing NCs with broad size distributions

and thin shells. To overcome this organometallics have been largely replaced by less

reactive metal salts which are less toxic and more environmentally friendly.42

In 2003 Li et al.43 adapted the Successive Ion Layer Adsorption and Reaction

(SILAR) method from MBE for the colloidal synthesis of core-shell NCs. The syn-

thesis of CdSe/CdS NCs with almost monolayer (ML) control of shell width was

achieved by heating CdSe NCs and alternately injecting aliquots of cadmium oleate

and octadec-1-ene-sulphur complex, allowing layers of Cd and S atoms to be de-

posited separately. By reducing the coexistence of cations and anions of the shell

material in solution SILAR suppresses homogeneous nucleation and typically gen-

erates narrower size distributions than other methods.42

SILAR has been used to synthesise core-shell NCs such as CdTe/CdSe,44,45

ZnTe/CdSe46 and ZnTe/ZnSe.47 SILAR has also been used to grow ‘multishell’

NCs with two or more layers around a central core.48

1.3.2.2 Core-shell NC classification

Core-shell NCs can be classified according to the alignments of the CBM and VBM

in the core and shell materials. Such NCs may be modelled as spherically symmetric

QDHs, with core radius a and shell thickness as (Fig. 1.8(a)). Figure 1.8(b)-

(d) illustrate the different classes of band alignment with the lowest electron and
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Figure 1.8: (a) A spherical core-shell QDH with core radius a and shell thickness as shown
alongside band alignments corresponding to (b) a type-I structure, (c) an inverted type-I
structure and (d) a type-II structure.

hole QSLs represented by blue and red lines respectively. In a type-I structure

(Fig. 1.8(b)) the smaller band gap of the core material localises charge carriers

here, making the NC properties less sensitive to its environment and reducing non-

radiative recombination. In the inverted type-I structure (Fig. 1.8(c)) the shell

consists of the smaller band gap material, so charge carriers tend to be confined in

this region. In a type-II structure (Fig. 1.8(d)) the CBM and VBM of the core and

shell have a staggered alignment so the electron and hole tend to localise in different

parts of the NC. The electron and hole energy levels show that in type-I NCs the

electron and hole localise in the same region of the structure, leading to spatially

direct excitons compared to type-II NCs in which they localise in different regions,

leading to spatially indirect excitons.

NC heterostructures therefore allow control over the carrier wavefunctions (known

as wavefunction engineering) via the band alignments and band gaps of the con-

stituent semiconductors which is not possible in single-component NCs; this makes

them of interest for a number of technological applications.
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1.3.3 Applications

Semiconductor NCs possess a number of properties that make them of interest for

many technological and research applications. For basic research NCs are novel sys-

tems which provide the opportunity to improve our understanding of how properties

of matter evolve from the molecular to bulk size regimes. NCs also provide ideal

systems for investigating many-body physics in carefully designed ‘artificial atoms’

in which the spatial confinement can be controlled and modified using colloidal

chemistry.

High luminescence efficiency and tunable electronic structure make NCs attrac-

tive for many technological applications and there will probably be applications

which are as yet unforeseen. Many potential applications lie in optoelectronics due

to NCs’ optical properties and their ability to be incorporated in different matrices

or subjected to solution-based processing. Such processing flexiblility makes NCs

ideal building blocks for optoelectronic devices.49 For example NC LEDs50–52 have

been fabricated by sandwiching NCs between electron and hole transport layers.

NCs could also be used as basic units in the manufacture of electroluminescent dis-

plays.53 Photodetectors, memory elements, transistors and other devices have also

been fabricated using NCs and are described in Ref. 54.

Another important optoelectronic application is NC based solar cells, for which

NCs are attractive due to their ability to collect light energy across the entire visible

spectrum and their potential use in low-cost solution processing.55 They also have

the potential to increase energy conversion efficiency beyond the theoretical limit of

∼ 31 % for Si-based solar cells56 by utilising hot electrons or generating multiple

excitons with a single photon.57 One type of NC based solar cell is the quantum

dot sensitised solar cell (QDSSC). Figure 1.9(a) shows the operating principles of

a QDSSC based on CdSe NCs adsorbed on TiO2 nanoparticles in an electrolyte.
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When a photon is absorbed by the NC the photoexcited electron is injected into the

TiO2 and eventually transferred to an electrode, whilst the hole stays in the NC and

is scavenged by a redox reaction in the electrolyte. The relative alignments of the

CdSe and TiO2 CBM and VBM (Fig. 1.9(b)) encourage the photoexcited electron

and hole to localise in different particles. CdS,58 CdSe,59 CdTe60 and InAs61 NCs

have been investigated for QDSSCs, but the efficiency of these cells is significantly

lower than that of traditional solar cells due to relatively low electron-injection

efficiencies and large electron-hole recombination rates.62 NC heterostructures offer

Figure 1.9: (a) A representation of a QDSSC based on NCs adsorbed on nanoparticles.
Photoexcited electrons (e−) are transferred from NCs to TiO2 nanoparticles and to the
electrode. Holes (h+) localise in the NCs and are ‘scavenged’ by redox reactions in the
electrolyte. (b) The relative band alignments of CdSe and TiO2 with positions of the
carriers after charge migration (adapted from Ref. 57).

the possibility of improving these properties by tailoring the CBM and VBM profiles.

For example Ning et al.62 synthesised CdS/CdSe inverted type-I NCs which localised

electrons in the shell, giving greater electron transport efficiency from the NC to the

TiO2 substrate compared to the type-I CdSe/CdS NCs which localised electrons

in the core. The use of inverted type-I CdS/CdSe NCs gave a photon-to-current

conversion efficiency of 25.2 %, compared to 11.3 % for the type-I CdSe/CdS NCs.62

Another strategy is to use type-II NCs which promote charge separation and have

long recombination times, allowing efficient extraction of carriers. Kumar et al.63

demonstrated photoinduced charge separation in CdSe/CdTe nanorods and Zhong
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et al.64 fabricated photovoltaic devices incorporating CdTe/CdSe branched rod NCs.

These and other developments in photovoltaics should prove important for efforts

to meet growing energy demand with renewable sources.65

The use of NCs could also potentially lead to a new generation of lasers possessing

wide-ranging colour tunability, chemical flexibility, high temperature stability and

lower lasing thresholds than traditional devices (see Section 1.2.2). Whilst lasing

from self-assembled QDs was demonstrated in the 1990s (Fig. 1.5), optical gain from

CdSe NCs49 was not demonstrated until 2000 and the development of practical NC

lasers has since proved problematic. This is partly because population inversion

in core NCs requires on average more than one exciton per NC due to the 2-fold

spin degeneracy of the lowest emitting level. Figure 1.10 shows the situation in

core NCs illuminated by laser photons with energy equal to the exciton energy

EX . Figure 1.10(i) shows that a NC containing a biexciton (XX) contributes to

incident photon
emitted photon
electron
hole

(i)                                        (ii)                                     (iii)                                     (iv)     CBM

VBM

Figure 1.10: Four core NCs: (i) shows a doubly excited NC which contributes to gain, (ii)
a singly excited which contributes a photon by stimulated emission, (iii) a singly excited
NC which absorbes a photon and (iv) an unexcited NC which absorbes a photon (adapted
from Ref. 66).

gain through stimulated emission. Biexcitons can be characterised by the exciton-

exciton interaction energy ∆XX = EXX − 2EX where EX and EXX are the exciton

and biexciton total energies; in core NCs and type-I core-shell NCs EXX < 2EX

because the charge carriers are confined to the same spatial region. Figure 1.10(ii)

and (iii) show NCs containing one exciton (X), and show that singly excited NCs
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are effectively optically transparent because stimulated emission (Fig. 1.10(ii)) is

cancelled by absorption X + hν → XX (Fig. 1.10(iii)). Figure 1.10(iv) shows that

unexcited NCs contribute to loss through absorption. Therefore this ensemble is

optically transparent and more than one exciton per NC is required for gain.

Unfortunately biexcitons in core NCs rapidly decay to excitons through non-

radiative Auger recombination (AR), meaning high pumping rates are needed to

create optical gain. This poses a major obstacle for developing NC based lasers,

particularly for smaller wavelengths.

AR depends on electron and hole wavefunction overlap and carrier-carrier

Coulomb coupling.67–69 Elongated quantum rods show improved optical gain com-

pared to spherical QDs due to smaller XX binding energies and longer AR lifetimes.70

Inverted type-I ZnSe/CdSe NCs also exhibited longer AR lifetimes compared to core

NCs when the electron was shell localised and the hole delocalised.71,72 However all

of these approaches suffer from AR because they require biexciton states to produce

on average more than one exciton per NC.

A more radical approach is to reverse the sign of ∆XX and prevent X + hν →

XX transitions so all singly excited NCs contribute to lasing, allowing much slower

pumping rates; this is the single exciton regime for which AR is inactive. In 2007

Klimov et al.73 demonstrated single exciton optical gain using CdS/ZnSe NCs which

gave ∆XX = 106 meV (Fig. 1.11(a)). The type-II band alignment of the NCs caused

carriers of the same sign to localise in the same area and charges of opposite sign to

localise in different areas, decreasing attractive Coulomb components and increasing

repulsive components, so ∆XX > 0. They showed that to remove all absorption

losses due to X + hν → XX transitions requires ∆XX � Γ where Γ is the ensemble

line width.

The amplified spontaneous emission (ASE) spectra resulting from exciting

CdS/ZnSe NCs and CdSe NCs with 3 eV laser pulses were also measured. The
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Figure 1.11: (a) Short-time (open squares) and long-time (red squares) PL spectra of
CdS/ZnSe NCs. The grey areas are bands produced by deconvolution of the t = 0 spectrum
and reveal the short-lived XX feature located at higher energy than the single exciton band.
(b) ASE spectra of CdSe NCs (blue line, vertically offset for clarity) and CdS/ZnSe NCs
(red line). The inset shows the arrangement of charges in a type-II NC which gives positive
∆XX values (adapted from Ref. 73).

CdSe NC spectrum (blue trace in Fig. 1.11(b)) showed a sharp peak at lower en-

ergy than the single exciton band - this represented ASE from biexciton states. In

contrast the type-II NCs (green trace in Fig. 1.11(b)) only exhibited a sharp peak

at the single exciton energy, showing that ASE was due soley to excitons.

Type-II NCs are therefore promising candidates for lasing applications, making

understanding and reliable modelling of these systems essential for informing the

design of future devices.

The large number of potential technological applications for NCs provides moti-

vation for understanding the basic physics of such systems as a means of controlling

their properties; this can be done by implementing quantum theory calculations

using physical models of the system.

1.3.4 Modelling

The wide variety of NC sizes, shapes and compositions that can be produced using

colloidal chemistry means the potential ‘phase space’ of structures that can used
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in technological applications is in principle very large. This problem can be char-

acterised in terms of a structure-property relationship74 (Fig. 1.12). The physical

properties of a nanostructure are determined by its structure and morphology. Ex-

periment can be used to characterise the structure and its properties, whilst models

can use the measured structure as input to predict a property (the direct approach)

or a measured property can be used as input to predict a structure (the indirect

approach).74 The direct approach is more widely used for simulating nanostructures

Figure 1.12: The structure-property relationship for nanostructures represented in terms of
experiment (region I) and modelling (region II). Arrow (a) represents the ‘direct approach’,
arrow (b) the ‘indirect approach’. Adapted from Ref. 74.

and forms the basis of the work in this thesis. Often a synergistic approach will

be required in which modelling reduces the phase space of possible materials, sizes

and shapes while experiment illucidates shortcomings of models and their inputs.74

Therefore it should be possible to guide the design of nanostructures for applications

without having to resort to the fabrication of large numbers of systems which can

prove costly and time-consuming.74

Central to modelling the optical properties of NCs is the calculation of the elec-

tronic structure (or QSLs) which determines the absorption and emission spectra

(Fig. 1.7). This is one of three steps identified for modelling the electronic and

optical properties of a nanostructure75 (Fig. 1.13). The first step is to define the

QD structure in terms of its size, shape and composition profile, and adding any



1.3 Nanocrystal quantum dots 35

structure
shape, size, composition 
             and strain

single-particle models
single particle states: 
electrons and holes
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electron-electron,  hole-hole,
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Figure 1.13: The steps involved in modelling a nanostructure: first the structure is defined,
then single-particle states are found by solving the Schrödinger equation, and lastly inter-
actions between the excitations are added using perturbation theory, mean-field theory or
a full treatment (adapted from Ref. 75).

strain. Single-particle states or excitations (electrons and holes) are found by solving

a Schrödinger equation using a particular model, for example the EMA. Interactions

between excitations are then added using perturbation theory, mean-field theory or

a ‘full treatment’ such as configuration interaction (CI) or Quantum Monte Carlo

(QMC).

Single-particle models can be divided into continuum and atomistic approaches.

Continuum approaches such as the EMA essentially treat nanostructures as pertur-

bations of the corresponding bulk materials, incorporating band structure through

parameters of the bulk material and incorporating spatial confinement through po-

tential well models. In contrast atomistic methods predict the electronic structure

of nanostructures starting from the quantum mechanics of individual atoms.

In the next two chapters we give overviews of the most important atomistic and

continuum methods used to calculate electronic structure in QDs.



Chapter 2

Atomistic nanostructure models

Atomistic models are used to calculate the electronic, structural and optical prop-

erties of nanostructures starting from the quantum mechanics of individual atoms.

The non-relativistic many-body Hamiltonian Ĥ of a nanostructure which contains

Ne electrons and Na nuclei is

Ĥ = −
Na∑
i=1

~2

2Mi

∇2
Ri
−

Ne∑
i=1

~2

2m0

∇2
ri
−

Na∑
i=1

Ne∑
j=1

Zie
2

4πε0|Ri − rj|

+
Ne∑
i=1

Ne∑
j>i

e2

4πε0|ri − rj|
+

Na∑
i=1

Na∑
j>i

ZiZje
2

4πε0|Ri −Rj|
(2.1)

where ri is the position of the ith electron, Ri is the position of the ith nucleus with

mass Mi and atomic number Zi, and ε0 is the permittivity of free space.

As the number of atoms Na increases the solution of Eqn. 2.1 becomes unfeasible

due to the many degrees of freedom. To mitigate this the Born-Oppenheimer ap-

proximation is used- the much heavier nuclei are assumed to be stationary and the

electronic and nuclear motion can be separated. The many-electron Hamiltonian
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becomes

Ĥ =−
Ne∑
i=1

~2

2m0

∇2
ri
−

Na∑
i=1

Ne∑
j=1

Zie
2

4πε0|Ri − rj|
+

Ne∑
i=1

Ne∑
j>i

e2

4πε0|ri − rj|

=T̂ + V̂ + Û (2.2)

The nucleus-nucleus term is omitted because the stationary nuclei give a constant

term which shifts the eigenvalues by a constant amount. Even in this form the solu-

tion of the problem remains formidable. For example, a Si NC with diameter ∼ 2.5

nm contains 281 Si atoms, 172 H atoms (at the surface) and 4106 electrons, meaning

Eqn. 2.2 represents 4106 coupled differential equations.76 Various atomistic meth-

ods have been developed to make the problem more tractable and can be divided

into ab initio or empirical techniques. Ab initio techniques start from first prin-

ciples of quantum mechanics for the constituent atoms to calculate the properties

of the mesoscopic system. Empirical techniques such as the such as the empirical

pseudopotential method (EPM) and the tight-binding method (TBM) require some

form of experimental data as input.

2.1 Ab initio methods

Examples of ab initio methods include Hartree-Fock theory and density functional

theory.
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2.1.1 Hartree-Fock Theory

In the Hartree-Fock theory (HFT) the N -electron wavefunction Ψ is expressed as a

Slater determinant of single-particle orbitals φi:
76

Ψ(r1, r2, ..., rN) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1(r1) φ1(r2) . . . φ1(rN)

φ2(r1) φ2(r2) . . . φ2(rN)

...
...

...
...

φN(r1) φN(r2) . . . φN(rN)

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.3)

Implicit in HFT is the mean field approximation, in which many-body effects on

a particular electron are represented by an average potential. Therefore HFT does

not take all correlation effects into account, but makes the many-body problem

tractable by effectively reducing it to a series of one-body problems.76 HFT takes

the exchange interaction into account exactly through the form of Ψ. HFT can

be implemented in a variational scheme in which Eqn. 2.3 gives the form of the

variational wavefunction.

The use of HFT and related methods to calculate electronic states from ‘first

principles’ tends to be limited to atoms and small molecules due to the rapidly

increasing computational complexity with N . However HFT has been widely used

as a many-body theory for QD excitations calculated within other theories, such as

the EMA (Fig. 1.13). For example, HFT has been widely used to model charging

energies in QDs which is important for understanding transport in structures such

as NC transistors (see Section 1.3.3).

2.1.2 Density Functional Theory

Unlike mean-field theories DFT is in principle exact for calculating the properties

of many-electron systems. Hohenberg and Kohn77 showed that the ground state
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many-body wavefunction Ψ0 of an electron gas is a unique functional of the ground

state charge density n0, i.e. Ψ0 = Ψ[n0]. Minimisation of the energy functional

E[n] = 〈Ψ[n]|T̂ + V̂ + Û |Ψ[n]〉 with respect to n gives the ground state density and

associated observables.

Kohn and Sham78 (KS) showed that the problem of N interacting electrons

moving in an external potential V could be mapped onto one of non-interacting

electrons in an effective potential Veff chosen such that the density n is identical to

that of the interacting system. This converts an eigenvalue problem in 3N spatial

coordinates into one with 3 spatial coordinates.79 The total energy of the system is

E[n(r)] = − ~2

2m0

N∑
i=1

∫
φ∗i (r)∇2φi(r)dr +

e2

2

∫
dr

∫
dr′

n(r)n(r′)

4πε0|r − r′|

+

∫
V (r)n(r)dr + Exc[n(r)] (2.4)

This reformulation makes the kinetic energy that of a system of non-interacting

electrons, putting all non-classical electron-electron interactions in the exchange

correlation energy Exc. The density which minimises the energy can be found by

self-consistently solving the KS equations:78

Ĥsφi(r) =

(
− ~2

2m0

∇2 + Veff (r)

)
φi(r) = εiφi(r) (2.5)

n(r) =
N∑
i=1

|φi(r)|2 (2.6)

Veff (r) = V (r) +

∫
e2n(r′)

4πε0|r− r′|
dr′ + Vxc(r) (2.7)

where the φi are orthonormal single-particle orbitals and Vxc is the exchange corre-

lation potential:

Vxc(r) =
δExc[n(r)]

δn(r)
. (2.8)
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Up to this point DFT is an exact many-body theory but implementation depends

upon approximations for Exc[n], the commonest being the local density approxima-

tion (LDA) in which Exc[n] depends solely upon n at that point in space.

The DFT problem can be tackled by directly minimising the functional E[n(r)] or

solving the KS equations self-consistently.80 Minimisation approaches require a lot of

computer memory and cannot use efficient linear algebra techniques,81 making self-

consistent techniques more common. Basis functions suitable for the system being

studied should be chosen - examples include othogonalised plane waves (OPWs),

atom-centred Gaussians and augmented plane waves (APWs).

KS eigenstates are not energy states for the electron in the solid, but it is common

to interpret them as such to generate ‘KS bandstructures’. Generally these are a

good approximation to the actual bandstructures apart from underestimation of

the band gap (the band gap problem) which is often more than 50% smaller than

the true value. This is due to a discontinuity in the exact Vxc with respect to the

number of electrons,82–84 and is often corrected by applying an empirical shift to the

dispersions.

Early attempts to calculate electron states in crystals using APWs and OPWs en-

countered problems due to the strong ionic potential in the core region which causes

rapidly oscillating wavefunctions. Philips and Kleinmann85 suggested replacing the

potential in the core region by a pseudopotential.

2.1.2.1 Pseudopotentials

The physical and chemical properties of most materials are mainly determined by

the valence electrons which are screened from the full nuclear charge by inner elec-

trons, so can be considered as moving in the potential vion of an ion consisting of the

nucleus and the core electrons (Fig. 2.1(a)). The true valence electron wavefunctions

have strong spatial oscillations near the core because they are orthogonal to lower
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Figure 2.1: (a) The potential due to the nucleus and core electrons (blue line) and an
atomic pseudopotential (broken red line). (b) The actual electron radial wavefunction
(blue line) and the pseudo-wavefunction (broken red line).

lying states (Fig. 2.1(b)). If vion is replaced by a weaker pseudopotential vatom the

corresponding wavefunctions will be nodeless because the core electrons have effec-

tively been removed; these pseudo-wavefunctions are easier to represent numerically

in calculations. Pseudopotentials are often used in DFT to represent Veff , allowing

the cost of including core electrons in the calculation to be circumvented.

2.1.2.2 Plane-wave pseudopotential DFT

The plane-wave (PW) pseudopotential DFT method is the commonest way to solve

the KS equations in materials science.80 In plane-wave pseudopotential DFT the

single electron wavefunction is written

φi =
∑
G

ci,Ge
iG.r (2.9)

where {G} is a set of crystal reciprocal lattice vectors. Using pseudopotentials means

a relatively small PW Fourier expansion is needed because the pseudo-wavefunctions

vary smoothly.86 Wavefunctions are stored in G space and converted to real space

using fast Fourier transforms (FFTs)80 to allow calculation of Veff (Eqn. 2.7).

Bloch’s theorem only applies to perfectly periodic structures, so use of the PWs
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for non-periodic structures such as semiconductor defects, surfaces and NCs requires

supercells. A supercell is a larger unit cell which is constructed and repeated through-

out space, creating a periodic structure which can be described using PWs. Figure

2.2 shows supercells for (a) a vacancy in a solid and (b) a molecule containing four

atoms; the supercells are enclosed by dashed lines. When performing the calculation

Figure 2.2: Supercells for (a) a vacancy in a solid and (b) a small molecule; red dots
represent atoms and the supercells are the regions enclosed by dashed lines (adapted from
Ref. 87).

for the vacancy a sufficient number of surrounding atoms should be included in the

supercell to ensure that neighbouring defects do not appreciably interact;87 when

the energy of the whole crystal containing the array of defects is calculated, the

energy of each isolated defect can be found. Similarly, the supercell in Fig. 2.2(b)

needs to be large enough to ensure interactions between neighbouring molecules are

negligible.

PW DFT calculations involve the use of parallel codes run on supercomputers.

The Vienna ab initio simulation package (VASP)88 is one of the fastest and most

widely used codes80 and can be used to simulate NCs with Na ∼ 1000. For example

DFT calculations were performed on TiO2 NCs containing 79, 245 and 587 atoms,89

giving the size-dependent band gaps and densities of state. Such studies give insight

into the optical and structural properties of TiO2 nanoparticles which are important

for applications such as QDSSCs (see Section 1.3.3).
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2.1.2.3 Real-space pseudopotential DFT

PW DFT calculations suffer from several drawbacks when applied to large systems,

the main one being frequent FFT evaluation which limits the number of nodes that

can be used for parallel evaluation due to communication overheads.

Chelikowsky et al.90 suggested circumventing these problems using a high-order

finite difference method (FDM) on a real-space grid. Unlike the PW method it gives

very sparse Hamiltonian matrices (although larger than those in PW calculations).

The Hamiltonian itself is not stored or computed, only its action on a wavefunc-

tion vector91 so the calculation is much easier to parallelise and does not assume

periodicity.

The real-space FDM is implemented in the PARSEC (Pseudopotential Algo-

rithm for Real-Space Electronic Structure Calculations) parallel software package.

PARSEC uses a three dimensional Cartesian grid so the KS wavefunctions are rep-

resented by vectors and the operators by matrices. The KS equations are solved

self-consistently for grid-sampled values of the potentials, wavefunctions and den-

sity.91

2.1.2.4 The charge patching method

Direct ab initio calculations using VASP and PARSEC can be applied to systems

with Na ∼ 1000, although they typically require thousands of processors.80 If Na

increases to tens or hundreds of thousands such calculations become intractable

because they scale as O(N3
a ). The need to simulate larger nanostructures for tech-

nological and other applications stimulated work on more suitable linear scaling

methods such as the charge patching method (CPM) which find charge densities

without full self-consistent calculations. The basic CPM assumes that the electron

charge density at a point r depends only on the local atomic environment of that
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point, which is reasonable if there are no long range fields. Charge-density motifs

mlα for the system’s atoms are calculated from small prototype systems and used

to ‘patch’ together the charge density of a large system:92,93

mlα = nLDA
wα(|r−Rα)∑

Rα′
wα′(|r−Rα′)

(2.10)

where Rα is the position of an atom of type α, nLDA is a self-consistently calculated

charge density of a prototype system and wα is an exponentially decaying function.

The charge density nCPM of the nanostructure is

nCPM =
∑
Rα

mlα(r−Rα) (2.11)

which can be used to calculate Veff and the single-particle Hamiltonian Ĥs (Eqn.

2.5). Next the equation Ĥsφi = εiφi needs to be solved; conventional variational

methods minimise 〈φ|Ĥs|φ〉 by varying the expansion coefficients of the trial function

φ.94 The first φ calculated is the lowest energy state of Ĥs and to find a higher

state you have to orthogonalise φ to all energy states below it, giving O(N3
a ) scaling.

However states near the band gap are often the most important for optical properties,

and eigensolutions of Ĥsφi = εiφi also satisfy94

(Ĥs − εref )2φi = (εi − εref )2φi. (2.12)

The lowest solution of Eqn. 2.12 is the eigenstate with εi closest to εref - in the

folded spectrum method (FSM) a high solution can be transformed into the lowest

one, allowing calculation of CB or VB edge states by choosing εref appropriately and

minimising 〈φ|(Ĥs − εref )2|φ〉. This obviates the need for orthogonalisation, giving

O(Na) scaling.80,94

Wang and Li93 used the CPM and FSM to calculate charge densities and shifts
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in the CB and VB edges with size for various IV-IV, II-V and II-VI QDs. The CPM

gave a speed-up of more than 1000 times compared to the direct DFT calculation.

This faster calculation allowed simulation of QDs with up to 1327 atoms, and was

also applied to a CdTe/CdSe quantum rod.

2.1.2.5 Time-dependent DFT

Time-independent DFT cannot describe electronic excitations because it is formu-

lated to describe ground state properties of many-electron systems. This restricts

its applications because many important physical properties such as absorption and

emission, band gaps and response to time-dependent fields involve excited states.95

The time-dependent Schrödinger equation can be mapped onto KS-like equations

for the wavefunctions φi(r, t).
96 This is the basis of time-dependent DFT (TDDFT)

which can in principle be used to describe any excited state property such as optical

absorption spectra.

PARSEC can be used to calculate optical absorption spectra using a TDDFT

formalism which avoids explicit propagation of wavefunctions in time. The KS

equations are solved and the orbitals used to construct the matrix79,91,97

Kij,kl = 2

∫ ∫
φi(r)∗φj(r)

(
1

|r− r′|
+
δVxc[ρ(r)]

δρ

)
φk(r

′)φ∗l (r
′)drdr′ (2.13)

which is used to calculate

Qij,kl = δikδjlω
2
kl + 2

√
λijωijKij,kl

√
λklωkl (2.14)

where ωij = Ej − Ei are the KS transition energies and λij = fi − fj are the

differences between the occupation numbers of the ith and jth states. The coupling

matrix is evaluated in real space and used to solve Eqn. 2.14 from which the optical
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excitation spectrum is found.91

Using a functional Exc that depends locally on the charge density in space and

time gives good agreement with experiment for a range of molecules, clusters and

NCs.91,95 For example TDDFT calculations were used to successfully calculate the

optical gaps of CdSe clusters, whilst LDA DFT calculations underestimated the gaps

by ≈ 2 eV.97

TDDFT was also applied to Ge NCs98 to investigate whether the optical gaps

of Si and Ge NCs cross as a function of size. Optical gaps were calculated with

TDDFT for both NCs and compared with previous calculations99 (Fig. 2.3).

Figure 2.3: The optical gap EQD
g of Ge and Si QDs against radius a calculated using

TDDFT, the EMA,100 EPM,101 TBM102 and ∆SCF103 (adapted from Ref. 98).

Although Ebulk
g (Si) > Ebulk

g (Ge), EMA calculations100 had predicted that below

a ∼ 3 nm Ge NCs have a larger optical gap than Si NCs due to the much smaller Ge

effective masses. TBM calculations102 found a cross-over (at ∼ 1.2 nm), but EPM

calculations101 did not. Delta self-consistent field (∆SCF) calculations103 did not

predict a cross-over, although such calculations have been described as not being

rigorous DFT due to the use of a filled orbital that is not the highest occupied



2.2 Empirical methods 47

state.91 In fact TDDFT did not predict any cross-over of the optical gaps, and

interestingly followed the results of previous EPM calculations closely. This shows

that TDDFT can be used to check results from empirical or semi-empirical methods

which can be more easily applied to larger NC systems.91

Although LDA TDDFT has proven reliable for molecules, clusters and small

QDs, its application to larger systems remains problematic.95 In particular LDA

TDDFT results will approach those of LDA DFT for macroscopic systems, giving

band gaps much smaller than experimental values. Exchange-correlation potentials

Vxc in the LDA have the incorrect asymptotic behaviour (i.e. do not decay as 1/r)

so more reliable TDDFT calculations of band gaps may require more sophisticated

functionals.

Whilst advances in computing hardware and algorithms will bring larger systems

within range of DFT and TDDFT, such calculations are always likely to require

supercomputing facilities which may not always be available for routine work. Even

with such facilities, DFT calculations of systems with thousands of atoms can run

for many days.80 In light of this, techniques which retain an atomistic description of

nanostructures but circumvent the computational load of ab initio methods become

attractive. These techniques require some form of experimental input, so are called

empirical methods.

2.2 Empirical methods

Empirical methods were developed in the early stages of the computer revolution

when computing facilities were rare and expensive, so approaches such as the TBM

and EPM which use an atomistic description without the computational load of ab

initio methods were desirable.104
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2.2.1 The Tight-Binding Method

The TBM assumes that electrons in a solid are tightly bound to their nuclei in states

similar to atomic orbitals.105 The TBM concept can be illustrated by semiconductors

with tetrahedral bonding which contain sp3 hybrid bonds. Figure 2.4(a) shows two

atomic s orbitals. As they are brought together the orbitals overlap to form two

molecular orbitals (MOs) in Fig. 2.4(b). The bonding orbital σ is symmetric with

respect to exchange of the two atoms, and is lower in energy than the antisymmetric

antibonding orbital σ∗. The energy splitting of the MOs is determined by the

matrix element of the interaction Hamiltonian Hint (the overlap parameter); for two

s orbitals this is Vssσ = 〈s|Hint|s〉.

Figure 2.4: The overlap of atomic s orbitals shown in (a) forms two MOs, σ and σ∗ in (b).
In (c) the atomic s and p orbitals evolve into CBs and VBs in a bulk semiconductor. EF
is the Fermi energy (adapted from Ref. 106).

This concept can be extended to crystals as well. Figure 2.4(c) represents the

evolution of the s and p orbitals into bands in a tetrahedral semiconductor. The

bonding orbitals are occupied by electrons and become the VBs, whilst the anti-

bonding orbitals are unoccupied and become the CBs. These ideas can be extended

to calculate semiconductor bandstructures.
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2.2.1.1 LCAO Bandstructure calculation

The Linear Combination of Atomic Orbitals (LCAO) approach was used to describe

the VBs of several diamond and ZB semiconductors.107 The position of an atom in

the jth primitive cell is rjl = Rj + rl where Rj is the position of the primitive cell

and rl is the position of the lth atom in the primitive cell.106 The Hamiltonian of

an atom located at rjl is hl(r− rjl) and the Schrödinger equation is106

hlφml(r− rjl) = Emlφml(r− rjl) (2.15)

where the φml are Löwdin orbitals which are orthogonal for different atoms. The

crystal Hamiltonian is H = H0 +Hint where the unperturbed Hamiltonian is

H0 =
∑
j,l

hl(r− rjl). (2.16)

The unperturbed wavefunctions are

Φmlk =
1√
N

∑
j

eirjl.kφml(r− rjl) (2.17)

where N is the number of primitive unit cells in the crystal106 and the eigenfunctions

Ψk of H can be written as Ψk =
∑

m,l CmlΦmlk. Since the Φmlk are orthogonal

∑
m,l

(Hml,m′l′ − Ekδmm′δll′)Cm′l′(k) = 0 (2.18)

where Hml,m′l′ = 〈Φmlk|H|Φm′l′k〉 and Ek are the eigenenergies.106 Substituting the

Φmlk from Eqn. 2.17 gives

Hml,m′l′ =
N∑
j=1

ei(Rj+rl′−rl).k〈φml(r− rjl)|H|φm′l′(r− rjl′)〉. (2.19)
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Hml,m′l′ can be written in terms of overlap parameters between the atomic orbitals.

For example Vssσ = 〈S1|Hint|S2〉 represents the overlap between the atomic orbitals

S1 and S2 and is essentially the same parameter as that defined on page 48.106

TBM models may be characterised by the number of neighbouring sites coupled

by matrix elements in Eqn. 2.19. Many implementations restrict interactions to

first-nearest or second-nearest neighbours.108

TBM models can also be classified according to how the matrix elements are

evaluated. If an empirical or semiempirical method is used this is an Empirical Tight

Binding (ETB) method, and matrix elements are represented by parameters (they

are parameterised). The ETB method suffers from a lack of ‘transferability’ between

systems because the parameters are treated as fitting variables to the measured

properties of each system.

To avoid difficulties associated with parameterisation ab initio TBM approaches

have been developed, such as the linear muffin-tin orbital (LMTO) TBM109 and

density functional TBMs.110–112

Despite the advances made in ab initio approaches ETB methods are mainly

used to treat the electronic and optical properties of nanostructures because of the

failure of LDA DFT to correctly calculate band gaps which are crucial for modelling

optical transitions.108

2.2.1.2 Effect of parameterisation

Various choices can be made for the basis states (or parameterisation) in ETB

calculations - the greater the number of parameters the more freedom there is to fit

established bandstructure. Chadi and Cohen107 found a basis of three p orbitals and

one s orbital per atom for tetrahedral semiconductors gave a good description of

the VBs, whilst the CBs were poorly described because the CB electrons are more

delocalised.106 Nearest-neighbour sp3 models cannot generally reproduce indirect
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gaps.108

Vogl et al.113 introduced a fictitious ‘s∗’ orbital to model the effect of high-energy

d orbitals. Using this sp3s∗ basis the VBs and CBs of several direct and indirect

IV, III-V and II-VI semiconductors were described more accurately.108 However

transverse effective masses at the X and L points and the second CB did not agree

with experiment, leading to the development of an sp3d2 model.114 Although several

bandstructure properties were better described, the use of a sp3d5s∗ basis overcomes

most of the shortcomings of previous models.115 Boykin, Klimeck et al.116 provided

a similar sp3s∗d5 parameterisation for GaAs and InAs. Dı́az and Bryant117 com-

pared the bandstructure obtained using the sp3s∗d5 model of Jancu115 with that of

Klimeck’s sp3s∗d5 model,116 Boykin’s sp3s∗ model118 and Vogl’s sp3s∗ model113 for

GaAs (Fig. 2.5(a)-(c) respectively).

Figure 2.5: (a) to (c) show GaAs bandstructures obtained with the sp3s∗d5 model of
Jancu115 (black lines) compared to (a) Klimeck’s sp3s∗d5 model (blue lines), Boykin’s
sp3s∗ model (green lines) and Vogl’s sp3s∗ model113 (red lines). (d) shows the lowest
exciton energy obtained using the different models for GaAs NCs as a function of radius
alongside experimental data (red stars) (adapted from Refs. 117 and 119).
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Figure 2.5 shows that the greatest differences are between the sp3s∗ and sp3d5s∗

models; the former predicting infinite CB transverse mases at the X-point, and

a nearly flat lowest CB along the pathway X → W → K → L → W → X.

Therefore inclusion of the d-orbital states is essential for a realistic description of

the CB.117 Figure 2.5 shows that the CB effective mass predicted by Vogl’s model

greatly differs from that predicted by the sp3d5s∗ models; it also differs from that

predicted by pseudopotential calculations. This suggests that Vogl’s model will not

accurately predict electron QSLs even in large NCs.

Figure 2.5(d) shows the lowest exciton energy for GaAs QDs as a function of

radius in the different models. Orange squares represent results from Viswanatha et

al.119 using a sp3s∗d5 anion, sp3 cation model (the Coulomb energy was calculated

perturbatively) and red stars represent experimental results for GaAs NCs; the

results of Jancu, Klimeck and Viswanatha agree closely with experiment, whilst the

sp3s∗ models considerably underestimate ENC
g . Underestimation of ENC

g in sp3s∗

models mainly originates from the poor description of the lowest CB states, so d

orbitals are essential for the correct description of electronic states in NCs.117 The

sp3s∗ models also predict significantly different optical spectra than the sp3d5s∗

models.117

The results of Ref. 119 were obtained using KS bandstructures calculated with

an ab initio full potential linearised APW method. A minimal TBM model was

constructed and the resulting bandstructures fitted to the ab initio ones to define

the values of the TBM parameters. LDA band gaps were not corrected because

only shifts in the NC optical gaps relative to the bulk were calculated, exhibiting

agreement with experiment for a number of III-V NCs.
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2.2.2 The Empirical Pseudopotential Method

Th Empirical Pseudopotential Method (EPM) was developed in the late 1950s,

gaining popularity due to its simplicity and small number of fitting parameters

which gave reasonably accurate bandstructure description.

2.2.2.1 Bandstructure calculation

In the EPM the crystal potential V (Eqn. 1.1) is replaced by a crystal pseudopo-

tential Vp given by a superposition of screened atomic pseudopotentials vα:

Vp(r) =
∑
α,i,j

vα(r−Ri − rα,j) (2.20)

where α labels the atom type, Ri is the lattice vector of the ith unit cell and rα,j is

the atomic basis vector of the jth atom of type α in the ith unit cell. Because the

pseudopotential is periodic it can be expanded as

Vp(r) =
∑
j

V0(gj)e
igj .r (2.21)

where

V0(g) =
1

Ω

∫
Ω

Vp(r)e−ig.rdr, (2.22)

and the gj are reciprocal lattice vectors; if there is one atom per primitive cell V0(g)

is a form factor.106 For the ZB lattice we choose a two-atom basis centered at the

origin. Substituting the pseudopotentials of the two atoms v1(r− r1) and v2(r− r2)

into Eqn. 2.22 gives

V0(g) =
1

Ω

∫
(v1(r)e−ig.r1 + v2(r)e−ig.r2)e−ig.rdr (2.23)

The positions of the two atoms are r1 = s and r2 = −s where s = a0(1
8
, 1

8
, 1

8
) and
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a0 is the lattice constant. Using

v1(r)e−ig.r1 + v2(r)e−ig.r2 = (v1 + v2) cos(g.s)− i(v1 − v2) sin(g.s) (2.24)

and defining symmetric and antisymmetric components of the form factor by

V s
0 (g) =

1

Ω

∫
(v1 + v2)e−ig.rdr, (2.25) V a

0 (g) =
1

Ω

∫
(v1 − v2)e−ig.rdr (2.26)

substituting Eqns. 2.24 to 2.26 into Eqn. 2.23 gives

V0(g) = V s
0 (g) cos(g.s)− iV a

0 (g) sin(g.s). (2.27)

In the EPM V s
0 and V a

0 are adjustable parameters and the resulting bandstructure

is fitted to experimental data. The antisymmetric form factors V a
0 (g) vanish for

diamond lattices but are non-zero for ZB structures. If we assume spherically sym-

metric atomic pseudopotentials only three form factor components are needed to

describe diamond structures,120 and six for ZB lattices. Table 2.1 shows form factor

components calculated by Cohen and Bergstresser for Si, Ge and GaAs.

Table 2.1: Form factor components (in Rydbergs) for Si, Ge and GaAs.121.

V s
0 (g3) V s

0 (g8) V s
0 (g11) V a

0 (g3) V a
0 (g4) V a

0 (g11)
Si -0.21 0.04 0.08 0 0 0
Ge -0.23 0.01 0.06 0 0 0
GaAs -0.23 0.01 0.06 0.07 0.05 0.01

To calculate bandstructures we expand ψ:

ψk(r) =
∑
j

a(gj)e
i(k+gj).r. (2.28)
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Substituting Eqn. 2.28 in Eqn. 1.1 gives

~2

2m0

|k + gi|2a(gi) +
∑
j

V0(gi − gj)a(gj) = E(k)a(gi). (2.29)

This can be written as a matrix equation Ha = E(k)a where

(H)i,j =
~2

2m0

|k + gi|2δi,j + V0(gi − gj). (2.30)

This approach was applied to Si and Ge122–124 and later extended to fourteen differ-

ent semiconductors.121 Figure 2.6(a) shows the GaAs bandstructure calculated using

a Mathematica program125 that solves Ha = E(k)a using the form factors of Table

2.1. Figure 2.6(b) shows the bandstructure from Jancu’s sp3s∗d5 TBM model.115

Figure 2.6: Bandstructure of GaAs from (a) a simple EPM using form factors in Table
2.1 compared to (b) the TBM results of Jancu’s model;115 (b) is adapted from Ref. 117.

Considering the simplicity of the calculation the EPM’s description of the lowest

CBs and VBs is remarkably similar to that of the TBM, deviating strongly only for

the higher CB states.

The calculations in Ref. 121 used a local pseudopotential, but Chelikowsky et

al.126 demonstrated improved agreement with experiment using non-local pseudopo-

tentials that depend on the angular momentum of the electron; optical band gaps,

symmetry of bandstructure critical points and valence charge densities were better
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described using the non-local pseudopotential.

Also, the EPM described here gives three degenerate VBs at the Γ point because

the spin-orbit interaction has not been included; more realistic EPMs take the spin-

orbit interaction into account through a non-local potential Vso included in the left

hand side of Eqn. 1.1.127

2.2.2.2 Application to nanostructures

To describe bulk materials EPM form factors are only needed for a few points in

reciprocal space, whilst the description of nanostructures requires a continuous form.

Wang and Zunger128 used a function with four parameters a1, a2, a3 and a4 for the

pseudopotentials of Si NCs:

v(q) =
a1(q2 − a2)

a3ea4q
2 − 1

(2.31)

This function was fitted to the bulk bandstructure, effective masses and work func-

tion to determine the ai (i = 1, ., 4). Single-particle and optical gaps were calculated

as a function of size. The largest QD considered consisted of 1315 Si and 460 H

atoms. Despite the use of the FSM, the linear scaling of this method makes calcu-

lation of nanostructures with Na ∼ 105 to 106 arduous.

In the linear combination of bulk bands (LCBB) method129 the wavefunction is

expanded using bulk LBFs:

ψ(r) =
1√
Nps

∑
n,k,σ

Cσ
n,ke

ik.ruσnk(r) (2.32)

where Nps is the number of primitive cells in one supercell, Cσ
n,k is a coefficient to

be determined, σ labels the constituent materials and

uσnk(r) =
1

Ω

∑
l

Bσ
nk(gl)e

igl.r. (2.33)
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This approach uses a much smaller basis set compared to the conventional PW

expansion (Eqn. 2.28) because physically important near band edge states are se-

lectively included,129 giving smaller Hamiltonian matrices that can be diagonalised

using desktop computers for nanostructures with Na ∼ 106. The LCBB was applied

to GaAs QDs embedded in AlAs129 and strained pyrimidal InAs QDs embedded in

GaAs.130

Butulay131 applied the LCBB to Ge and Si QDs. Several QD properties were

studied, including size-dependent optical gaps, dielectric functions, and interband

and intraband absorption. The LCBB optical gap was compared with previous

calculations and experimental results for Si and Ge NCs (Fig. 2.7(a) and (b)).

Figure 2.7: (a) Comparison of the optical gap of Si NCs calculated by Butulay131 in the
LCBB with various experimental and theoretical studies. (b) The same for Ge NCs; the
experimental results of Kanemitsu132 were associated with defect PL (adapted from Ref.
131).

Figure 2.7(a) shows that the LCBB results were in close agreement with TDDFT

results of Vasiliev et al.99 and Garoufalis et al.,133 as well as experimental measure-

ments by Furukawa and Miyasato.134 The real-space FDM DFT of Öğüt et al.135

gave band gaps that were higher than the other experimental and theoretical results.

Figure 2.7(b) shows that Butulay’s results for Ge NCs closely match those of

previous calculations. Niquet et al.136 used an sp3 TBM, while Tsolakidis and

Martin137 used TDDFT in the adiabatic LDA. The agreement with experiment is
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poorer for this case, although Kanemitsu’s results132 were associated with defect PL

so can be discounted.

2.2.3 The Semiempirical Pseudopotential Method

While the EPM provides a simple way to calculate bandstructure, the wavefunc-

tions are not constrained by the fitting procedure. Therefore the quality of the

wavefunctions and transition matrix elements is often not sufficient for explaining

nanostructure spectroscopy. Therefore Wang and Zunger138 developed the Semiem-

pirical Pseudopotential Method (SEPM) which involves extracting screened atomic

pseudopotentials from ab initio LDA DFT calculations on bulk materials so that

the wavefunctions are LDA-like but the bandstructures, effective masses and defor-

mation potentials agree with experiment.139

2.2.3.1 Construction of Semiempirical pseudopotentials

In the LDA DFT pseudopotential approach we may write Eqn. 2.5 as139

Ĥsφi(r) =

(
− ~2

2m0

∇2 + V ps(r) + VH(r) + Vxc(r)

)
φi(r) = εiφi(r) (2.34)

where VH is the interparticle Coulomb (‘Hartree’) term and V ps is the ionic pseu-

dopotential. The latter can be written as the sum of local and nonlocal terms:

V ps = V ps
loc + V ps

nonloc. The first step of the SEPM is to self-consistently calculate

VLDA = V ps
loc + Vxc + VH for a few bulk crystal structures σ and unit cell volumes Ωσ

for each structure.139 Then the spherical pseudopotential v
(α,σ)
SLDA is found, where139

V σ
LDA ≡ V ps,σ

loc + VH + Vxc ∼=
∑
α

∑
Rα,σ

v
(α,σ)
SLDA(|r−Rα,σ|), (2.35)
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α labels the atom type and Rα,σ is the lattice vector to site α in structure σ. Equa-

tion 2.35 represents the crystal potential as a superposition of spherical screened

potentials. In practice, v
(α,σ)
SLDA is found from139

V σ
LDA(G) =

∑
α

S(α,σ)(G)v
(α,σ)
SLDA(|G|) (2.36)

where S(α,σ) = Ω−1
σ

∑
Rα,σ

eiG.Rα,σ and G is a reciprocal lattice vector. Second,

v
(α,σ)
SLDA(|G|) is fitted to a set of Gaussians:

v
(α,σ)
SLDA(|G|) =

∑
i

cie
−(|G−ai)2/b2i (2.37)

where ai, bi and ci are fitting parameters. In the third step the ai, bi and ci are

adjusted to reproduce experimental bandstructures. If the adjustments are kept

small the resulting wavefunctions will still be close to the LDA DFT wavefunctions

- overlap between the two being more than 99.9%.138

2.2.3.2 Application to nanostructures

Once the pseudopotentials v
(α,σ)
SLDA are found they are used to construct the Schrödinger

equation

− ~2

2m0

∇2 +
∑
α

∑
Rα,σ

v
(α,σ)
SLDA(|r−Rα,σ|) + V ps

nonloc(r)

ψi(r) = Eiψi(r) (2.38)

where the second and third terms represent the crystal potential. The ψi(r) are

expanded in PWs, and spin-orbit coupling is included in the non-local potential

V ps
nonloc. For periodic bulk solids Eqn. 2.38 may be solved by conventional diago-

nalisation techniques. For nanostructures such as QDs, supercells may be used to

impose periodicity and the FSM used to find near band edge states. The SEPM
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has been applied to several nanostructures, such as InP QDs,139,140 CdSe quantum

rods,141 and CdSe QDs.142,143

The SEPM was used in Ref. 142 to study four CdSe QDs: Cd20Se19, Cd83Se81,

Cd232Se235 and Cd534Se527. Surface passivation was modelled by including Gaussian

potentials for the surface atoms. Absorption spectra, densities of states and exciton

energies were calculated; Fig. 2.8(a) shows the calculated and measured absorption

spectra for a 20.3 Å and 23 Å diameter QD respectively, showing good agreement be-

tween the first two exciton peaks. Figure 2.8(b) shows the exciton energy calculated

in the SEPM compared to experimental data from Ref. 144 (black squares). Green

symbols represent the bare single-particle gap from the SEPM, whilst blue symbols

represent SEPM results corrected by a Coulomb term calculated in perturbation

theory.

Figure 2.8: (a) The measured and SEPM calculated absorption spectra for two similar size
CdSe QDs. (b) A comparison of the ground state exciton energy from experiment (black
squares), the SEPM single-particle gap (green squares) and SEPM results corrected by a
Coulomb term (blue squares). Lines are guides for the eye (adapted from Ref. 142).

We see that when the Coulomb term is included there is very agreement between

the calculation and experimental results for very small QDs.

That concludes our brief overview of atomistic nanostructure models. In the

next chapter we review nanostructure models based on a continuum description of
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matter.



Chapter 3

Continuum nanostructure models

Contiuum nanostructure models have been widely used due to low computational

demands, ease of use and good agreement with experiment. Unlike atomistic ap-

proaches these methods are insensitive to the system size Na and become more

accurate as the system size increases. Another advantage of continuum methods

is that complexity can be progressively introduced through new basis states and

couplings in the Hamiltonian, allowing the effects of each to be studied. Atomistic

methods tend to be used in an ‘all or nothing’ mode in which the complexity can-

not be decomposed, making intuitive understanding of the model components more

difficult.145

Continuum electronic structure methods are based on the EMA, in which the

effect of the crystal’s periodic field on an electron can be described by an effective

mass tensor.146 Early applications described situations in bulk semiconductors.

3.1 Bulk semiconductors

The EMA is widely used for calculating bandstructure in bulk crystals, as well

as in the presence of slowly varying small perturbations such as applied electric
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and magnetic fields.147 Much early work was motivated by a desire to understand

impurity states due to the technological importance of doped semiconductors; p-

n junctions are the basic unit of many semiconductor devices such as transistors

and solid state lasers (see Section 1.2). The impurity problem was considered by

Luttinger and Kohn146 and others.148,149

3.1.1 The Impurity Problem

If an atom in a Si crystal is replaced by a P atom a substitutional impurity, denoted

PSi is formed. Because the P atom has an extra valence electron compared to Si, it

acts as a donor ion P+ to which the extra electron is loosely bound (Fig. 3.1(a)).

The electron experiences a weak potential due to the high dielectric constant εr of

the crystal (which has lattice spacing al), with motion characterised by the donor

Bohr radius ai.

Figure 3.1: (a) A substitutional impurity in a Si lattice. (b) The impurity potential U
(red dotted line) and the overall potential (black lines) that is the sum of the crystal and
impurity potentials; adapted from Ref. 150 and 151.

Electrons in the perfect crystal have wavefunctions ψnk. The Schrödinger equa-

tion for the impurity is

(H + U)ψ = Eimψ (3.1)

where Eim is the energy and U is the potential due to the impurity (Fig. 3.1(b)).
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Luttinger and Kohn made the ansatz

ψ =
∑
n

∫
dkAn(k)χnk (3.2)

where the functions χnk = eik.run0(r) form a complete orthonormal set if the ψnk

do.146 U is assumed to be slowly varying on the scale of a lattice constant. Luttinger

and Kohn defined

Fn(r) =

∫
eik.rBn(k)dk (3.3)

and

Bn(k) =
Ω

(2π)3

∑
m

e−ik.RmF (Rm) (3.4)

where R is a lattice vector. Because An(k) = Bn(k) +O(al/ai), Eqn. 3.2 gives

ψ =
∑
n

∫
dkAn(k)eik.run0(r) (3.5)

≈un0(r)
∑
n

∫
dkBn(k)eik.r =

∑
n

Fn(r)un0(r) (3.6)

Therefore if ai � al the wavefunction can be expressed with envelope functions Fn

multiplied by zone-centre LBFs: this is the envelope function approximation (EFA).

If there is no coupling between the bands ψ = Fc(r)uc0(r). Figure 3.2 represents

the slowly-varying function Fc that modulates the impurity wavefunction ψ; the

impurity centre is located at r = 0. Luttinger and Kohn showed that Fc satisfies146

(Enk(−i∇) + U(r))Fc(r) = EimFc(r). (3.7)

This approach has removed the LBFs and periodic potential of the crystal in favour

of a kinetic energy operator that contains the bandstructure. This approach is called

the EMA because the equation for an electron of mass m0 moving in the crystal and
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Fc

wave 
function

r

ψ
a

l

Figure 3.2: A representation of the impurity wavefunction ψ and the slowly-varying enve-
lope function Fc as a function of r (adapted from Ref. 150).

impurity potentials (Eqn. 3.1) has been replaced by one for an electron of mass mc

moving in the impurity potential alone.106

3.1.2 k·p theory

k·p theory is an empirical method of bandstructure calculation in which the ba-

sis functions are LBFs. To illustrate the general k·p approach the one-electron

Schrödinger equation is written H(k)ψnk = Enkψnk(r) where the BWs and LBFs

satisfy152

〈ψnk|ψn′k′〉 = δnn′δk,k′ (3.8)

〈unk|un′k〉 = δnn′
Ω

(2π)3
. (3.9)

If the unk form a complete set, then a matrix representation of H(k) in this basis

is exact and diagonalisation of the infinite matrix 〈uik|H(k)|ujk〉 leads to the exact

dispersion throughout the whole Brillouin zone.152 In practice only a finite basis set

is used and the greater the number of LBFs included the greater the accuracy.

k·p theory is widely used to model nanostructures because it allows calculation

of bulk bandstructures needed for the calculation of QSLs. Any realistic description

of bandstructure should include the spin-orbit interaction.
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3.1.2.1 The spin-orbit interaction and the Kane model

In a lowest order approximation the CB and VB are described by non-degenerate

parabolic bands. However this gives a VB described by a single effective mass, and

as early as 1953 cyclotron resonance experiments153 on Ge found two hole effective

masses, demonstrating that a more sophisticated description of the VB is required.

OPW calculations154 suggested that the VB maximum in Ge is threefold degen-

erate because it originates from p atomic orbitals (Fig. 2.4(c)), so should give three

hole effective masses. Dresselhaus, Kip and Kittel155 postulated that the measure-

ment of two hole effective masses was due to the spin-orbit interaction which forms

a band at a lower energy than the two measured.

The spin-orbit interaction is due to the coupling of electron spin with the orbital

angular momentum of LBFs. Since the electron spin is 1
2
, we denote spin up states

by ↑ and spin down by ↓. The spin-orbit interaction Hamiltonian is106

Hso =
~

4m2
0c

2
(∇V × p)·σ (3.10)

where V is the potential energy, p is the momentum operator and the components

of σ are the Pauli spin matrices.

The lowest CBs evolve from atomic s orbitals whilst the highest VBs evolve from

atomic p orbitals (Fig. 2.4(c)) so the band edge LBFs un0 of the CB and VB are s-

and p-like respectively. The CB LBFs are |S ↓〉 and |S ↑〉, transform as s orbitals

under symmetry operations of the tetrahedral group and satisfy H|S ↓〉 = EBS|S ↓〉

and H|S ↑〉 = EBS|S ↑〉 where EBS is the energy.151

In chemistry the p atomic orbitals are typically represented by the ‘real’ orbitals

px, py, and pz which are linear combinations of spherical harmonics chosen to be

real and named according to their shapes (Fig. 3.3(a)). The VB consists of linear

combinations of the functions |X〉, |Y 〉 and |Z〉 which transform like px, py and pz
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Figure 3.3: (a) Probability density isosurfaces of the s, px, py and pz atomic orbitals.
(b) Bandstructure near the centre of the Brillouin zone in the absence of the spin-orbit
interaction and (c) in its presence for ZB semiconductors.

orbitals under symmetry operations of the tetrahedral point group; without spin-

orbit interactions they satisfy H|X ↓〉 = EBP |X ↓〉, H|Y ↓〉 = EBP |Y ↓〉, H|Z ↓〉 =

EBP |Z ↓〉, etc. where EBP is the energy.151 The VB is sixfold degenerate at k = 0 in

the absence of the spin-orbit interaction, (Fig. 3.3(b)) but the bands have different

dispersions due to their mutual interactions.

In ZB and diamond semiconductors the spin-orbit interaction splits the six-fold

degenerate band at k = 0 into a two-fold and four-fold degenerate band. The lowest

band is the spin-orbit split-off (so) subband and the remaining subbands are called

the heavy hole (hh) and light hole (lh) subbands according to their curvature. At

k = 0 the so band is ∆ lower in energy (Fig. 3.3(c)): ∆ is the spin-orbit splitting.

Therefore the effective masses measured by Dresselhaus, Kip and Kittel correspond

to the hh and lh subbands. For ZB and diamond semiconductors p-like VB LBFs

|lB,mB〉 with orbital angular momentum lB and magnetic quantum number mB can
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be defined by analogy with the l = 1 spherical harmonics:106

|1, 1〉 = −(|X〉+ i|Y 〉)/
√

2, (3.11)

|1, 0〉 = |Z〉, (3.12)

|1,−1〉 = (|X〉 − i|Y 〉)/
√

2. (3.13)

Kane’s 8-band k·p theory156 includes the spin-orbit interaction and takes into

account the CB, lh, hh and so subbands but discards all others. Kane used the

following basis to take into account CB-VB coupling156

|iS ↓〉, 1√
2

(|X ↑〉 − i|Y ↑〉), |Z ↓〉, 1√
2

(|X ↑〉+ i|Y ↑〉),

|iS ↑〉, −1√
2

(|X ↓〉+ i|Y ↓〉), |Z ↑〉, 1√
2

(|X ↓〉 − i|Y ↓〉). (3.14)

Dropping the band index n the Schrödinger equation is

(
p2

2m0

+ V (r) +
~

4m2
0c

2
(∇V × p)·σ

)
ψk(r) = Ekψk(r). (3.15)

Substituting the ψk and because ~k� p this simplifies to

Huk =

(
p2

2m0

+ V (r) +
~
m0

k·p +
~

4m2
0c

2
(∇V × p)·σ

)
uk = E ′kuk (3.16)

where E ′k = Ek − (~2k2)/2m0. The matrix representation H of the Hamiltonian H

in the basis 3.14 is

H =

H′ 0

0 H′

 , H′ =



EBS 0 ~
m0
kP 0

0 EBP − ∆
3

√
2∆/3 0

~
m0
kP

√
2∆
3

EBP 0

0 0 0 EBP + ∆
3


(3.17)
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where

P = − i~
m0

〈S|pz|Z〉. (3.18)

Kane showed that if EBS = Eg and EBP = −∆/3 the secular equation is156

E ′2k (E ′k − Eg)(E ′k + ∆)− ~2k2P 2

m2
0

E ′k(E ′k +
2∆

3
) = 0. (3.19)

The root corresponding to the hh subband gives Ek = (~2k2)/(2m0). The InSb

bandstructure resulting from Eqn. 3.19 using Eg = 0.25 eV, Ep = P 2/2m0 = 24.5

eV and ∆ = 0.82 eV157 is shown in Fig. 3.4.

Figure 3.4: InSb bandstructure near the centre of the Brillouin zone calculated using
Kane’s 8-band model.

This model therefore gives a reasonable description of the CB, so and lh subbands

but fails to correctly describe the hh subband, showing that including only the CB,

lh, hh and so subbands is not sufficient: the effects of higher bands must be included.

More realistic description of the VB requires the use of degenerate perturbation

theory to include the effects of higher bands.

The eigenvalues found from solving det(H − E ′kI) = 0 can be used to find the

corresponding eigenvectors and eigenfunctions. The eigenfunctions are |iS ↑〉 and

|iS ↓〉 for the CB, −1√
2
(|X ↑〉 + i|Y ↑〉) and 1√

2
(|X ↓〉 − i|Y ↓〉) for the hh subband,
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1√
6
(|X ↑〉 − i|Y ↑〉+ 2|Z ↓〉) and −1√

6
(|X ↓〉+ i|Y ↓〉+ 2|Z ↑〉) for the lh subband and

1√
3
(|X ↓〉+i|Y ↓〉+ |Z ↑〉) and 1√

3
(|X ↑〉−i|Y ↑〉−|Z ↓〉) for the so subband.151 These

are eigenfunctions of the total LBF angular momentum J and its z-component Jz :

J = lB + s where s is the electron spin. These functions are written |uc(v)
J,Jz
〉 where c

(v) stands for the CB (VB):

|uc1
2
, 1
2
〉 = |S ↑〉, |uc1

2
,− 1

2
〉 = |S ↓〉 (3.20)

|uv3
2
, 3
2
〉 =

1√
2

(|X ↑〉+ i|Y ↑〉〉),

|uv3
2
, 1
2
〉 =

i√
6

(|X ↓〉+ i|Y ↓〉 − 2|Z ↑〉),

|uv3
2
,− 1

2
〉 =

1√
6

(|X ↑〉 − i|Y ↑〉+ 2|Z ↓〉),

|uv3
2
,− 3

2
〉 =

i√
2

(|X ↓〉 − i|Y ↓〉),

|uv1
2
, 1
2
〉 =

1√
3

(|X ↓〉+ i|Y ↓〉+ |Z ↑〉),

|uv1
2
,− 1

2
〉 =
−i√

3
(|X ↑〉 − i|Y ↑〉 − |Z ↓〉). (3.21)

|uv3
2
, 3
2

〉 and |uv3
2
,− 3

2

〉 correspond to the hh subband, whilst |uv3
2
, 1
2

〉 and |uv3
2
,− 1

2

〉 cor-

respond to the lh subband. The J = 1
2

states correspond to the so subband. These

bases are commonly used to derive k·p Hamiltonians such as the Luttinger-Kohn

(LK) Hamiltonian since they diagonalise Hso.

3.1.2.2 The Luttinger-Kohn Hamiltonian

The Schrödinger equation for the uk is

Huk(r) = Ekuk (3.22)
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where

H =
p2

2m0

+ V (r) +
~2k2

2m0

+
~

4m2
0c

2
∇V × p·σ +H ′, (3.23)

H0 =
p2

2m0

+ V (r), (3.24)

H ′ =
~
m0

k·Π =
~
m0

k·(p +
~

4m0c2
σ ×∇V ). (3.25)

A general LBF uk can be expanded as

uk(r) =
∑
j∈A

aj(k)uj0(r) +
∑
γ∈B

aγ(k)uγ0(r) (3.26)

where the ai(k) are expansion coefficients. For the 6-band Luttinger-Kohn (LK)

Hamiltonian, the ui0 (i = 1, .., 6) correspond to the functions in Eqns. 3.21. At k = 0

the functions 3.21 satisfy Hum0 = Em(0)um0 where Em(0) = 0 for m = 1, 2, 3, 4 and

Em(0) = −∆ for m = 5, 6.

The effects of remote bands are included using Löwdin perturbation theory,158

in which bands of interest are put in class A and all other bands in class B; in Eqn.

3.26 j is in class A and γ is in class B. This allows the calculation to be restricted

to the subset of bands we are interested in.

Luttinger and Kohn showed that the 6×6 Hamiltonian that represents H in the

basis 3.21 is151

HLK =



P +Q −S R 0 − S√
2

√
2R

−S† P −Q 0 R −
√

2Q
√

3
2
S

R† 0 P −Q S
√

3
2
S†

√
2Q

0 R† S† P +Q −
√

2R† − S†√
2

− S†√
2
−
√

2Q†
√

3
2
S −

√
2R P + ∆ 0

√
2R†

√
3
2
S†

√
2Q† − S√

2
0 P + ∆


(3.27)
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where

P =
~2γL1
2m0

(k2
x + k2

y + k2
z), Q =

~2γL2
2m0

(k2
x + k2

y − 2k2
z), (3.28)

R =
~2

2m0

(−
√

3γL2 (k2
x − k2

y) + 2
√

3iγL3 kxky), S =
~2γL3
m0

√
3(kx − iky)kz (3.29)

and the γLi (i = 1, .., 3) are the Luttinger parameters. HLK is called the LK Hamil-

tonian152 after their 1955 paper.146 Dresselhaus, Kip and Kittel derived a different

form159 called the Dresselhaus-Kip-Kittel (DKK) Hamiltonian.152 If we assume the

J = 3
2

states can be uncoupled from the J = 1
2

states (as they are at k = 0), the 6×6

determinant can be approximated by a 4×4 and 2×2 determinant.152 Diagonalising

the former gives the energy of the J = 3
2

bands to second order in k:159

E±(k) = Ak2 ± [B2k4 + C2(k2
xk

2
y + k2

yk
2
z + k2

zk
2
x)]

1/2 (3.30)

where A, B and C are constants, the minus (plus) sign corresponds to the lh (hh)

band. These dispersions are anisotropic (if C 6= 0) and non-parabolic (if B, C 6= 0);

the anisotropy causes ‘warping’ of the constant energy surfaces from the spherical

shape they have if C = 0 (Fig. 3.5) and is due to the cubic symmetry of the ZB

lattice. Setting C = 0 in Eqn. 3.30 is called the spherical approximation, and is

Figure 3.5: Constant energy surfaces for diamond and ZB semiconductors found from Eqn.
3.30 for (a) the lh subband and (b) the hh subband.

equivalent to setting γL2 = γL3 ≡ γL in HLK . By relating the DKK parameters to
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the Luttinger parameters, it can be shown that the 4×4 and 2×2 determinants give

parabolic hh, lh and so subbands with the effective masses:152

mhh =
m0

γL1 − 2γL
, (3.31) mlh =

m0

γL1 + 2γL
, (3.32) mso =

m0

γL1
(3.33)

3.1.2.3 8-band k·p theory and higher bands

Figure 3.6(a) shows the bandstructure of a direct gap diamond or ZB semiconductor,

the smallest box indicating the region over which the 4-band LK and spherical

Baldereschi-Lipari model160 apply. If we wish to calculate excited hole states then

Figure 3.6: (a) The bandstructure of a direct gap ZB semiconductor with band edge at
the centre of the Brillouin zone; boxes show the regions in which different models are valid
(adapted from Ref. 161). (b) The bands taken into account with a 14-band k·p theory.

the 6-band LK Hamiltonian (Eqn. 3.27) that takes the so subband into account

is required. This model does not take the CB-VB coupling into account, giving

independent electron and hole QSLs when applied to QDs.161 We expect this to be

a reasonable approximation for wide gap semiconductors such as CdSe, but to be

inappropriate for narrow gap semiconductors such as InSb in which CB-VB coupling

is significant.
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The 8-band Pidgeon and Brown (PB) theory162 is a modification of the 6-band

LK model and describes CB-VB coupling exactly and takes the effects of higher

bands into account using second-order perturbation theory. The Hamiltonian was

found in the basis {uc1
2

1
2

, uc1
2
,− 1

2

,uv3
2
, 3
2

,uv3
2
, 1
2

, uv3
2
,− 1

2

,uv3
2
,− 3

2

,uv1
2
, 1
2

, uv1
2
,− 1

2

} (Eqns. 3.20 and

3.21) and describes the non-parabolicity of the CB and lh subband, giving an accu-

rate description of the bandstructure near the Γ point. To include the effects of the

CB,162 the VB is described using modified Luttinger parameters γ1, γ2 and γ3:

γ1 = γL1 −
Ep
3Eg

, γ2 = γL2 −
Ep
6Eg

, γ3 = γL3 −
Ep
6Eg

. (3.34)

PB used this theory to describe transitions between CB and VB Landau levels of

n-type InSb.162 As well as applications to bulk semiconductors the theory continues

to find applications in nanostructure modelling.

The PB model (a ‘three-level’ model) is valid over approximately the first 15% of

the Brillouin zone163 and only accurately describes the lowest CB and three lowest

VBs. To describe bandstructure more accurately ‘five-level’ (or 14-band) models

were developed, taking into account the first three VBs and two lowest CBs (Fig.

3.6(b)) and applied to bulk semiconductors.164–166

Other multiband theories have been developed, such as a 30-band theory167

which allows a description of the first two CBs and upper three VBs over the whole

of the first Brillouin zone using a limited number of adjustable parameters. However

it cannot accurately describe the bandstructure higher than 4 eV for the CBs or lower

than -6 eV for the VBs, leading Saidi et al.168 to develop a 40-band model.

Although these multiband Hamiltonians describe the bandstructure more accu-

rately than 8-band theories, they have rarely been applied to nanostructures and as

of early 2011 had not been applied to QDs at all.169
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3.1.2.4 Strain

One of the advantages of the k·p approach to bandstructure is that the effects of

strain can be taken into account fairly straightforwardly using deformation potential

theory.170,171 Hydrostatic strain leads to shifts in the band edges because the CBM

and VBM energies depend on the bond strength in the crystal, so changes in the

bond length affect the band gap.

The treatment of VBs in strained semiconductors is complicated by their struc-

ture. The case of degenerate VBs in bulk semiconductors can be treated using the

Pikus-Bir Hamiltonian,172 which in its 6 × 6 form can be considered an extension

of the LK Hamiltonian (Eqn. 3.27) and describes the bandstructure in terms of

deformation potentials.

Bahder173 later derived an 8-band theory for strained bulk ZB crystals using

second-order Löwdin perturbation theory based on the approach of Kane156 and

Pikus and Bir.172 Inclusion of strain is important for the description of nanoscale

heterostructures which are often strained due to lattice mismatch. We discuss strain

in QDHs further in Chapter 5.

3.2 Semiconductor nanostructures

To describe the electronic structure and optical properties of nanostructures quan-

tum confinement is included in the model, in addition to the bulk bandstructure.

This is achieved using potential well models, which impose boundary conditions

(BCs) on the wavefunction envelopes. Infinite potential well models are called ‘par-

ticle in a box’ (PIB) models, and may be used to calculate QSLs because the wave-

functions which vanish at the QD boundary take a simple form.
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3.2.1 Quantum dots

Early attempts to model QD absorption spectra used parabolic approximations to

the CB and VB; for example, Brus modelled spherical QDs of dielectric constant ε1

embedded in a medium of dielectric constant ε2. Isolated charge carriers174 and later

EHPs interacting via the Coulomb interaction175 were considered. Whilst dielectric

mismatch for SK grown QDs is often small, it is usually large for colloidal NCs and

their surroundings so should be taken into account in calculations of the Coulomb

interaction.

3.2.1.1 The Coulomb interaction

Dielectric mismatch between a QD and its surroundings causes induced charges

which may be described using image charges. The Coulomb potential energy of an

EHP in the presence of a spatially varying dielectric constant ε(r) is176

U(re, rh) = Vc(re, rh) + Vs(re) + Vs(rh). (3.35)

The first term is the interparticle Coulomb potential which is a solution to the

Poisson equation176

∇rhε(rh)∇rhVc(re, rh) =
e2

ε0

δ(re − rh). (3.36)

The interparticle term can be expressed Vc = Vd+Vp where Vd is the direct Coulomb

potential and Vp is an interface polarisation potential that describes the interaction

of charges with the image charge of the other carrier.

The self-polarisation potential Vs represents the interaction of a charge with its
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image charge and is defined176

Vs(r) = −1

2
lim
r′→r

[Vc(r, r
′)− V B

c (r, r′)] (3.37)

where V B
c is the local bulk solution of Eqn. 3.36:176

V B
c (re, rh) = − e2

4πε0ε(re)|re − rh|
. (3.38)

If ε(r) is a spherically symmetric step function (Fig. 3.7(a)) analytic forms for Vc

and Vs can be found, as demonstrated by Brus175 and Fonoberov et al.176 Figure

3.7(b) represents the different Coulomb interaction terms for an EHP and its image

charges.

Figure 3.7: (a) Variation of dielectric constant ε(r) with distance from the centre of a QD.
(b) The interactions between an electron, hole and their image charges due to dielectric
mismatch between a QD and its surroundings.

Brus included the Coulomb interaction perturbatively since he worked in the

strong confinement regime. Others calculated the Coulomb interaction through

variational schemes177,178 -however none of these works included any description of

the VB structure, so workers started to apply k·p Hamiltonians to QDs in order to

quantitatively model quantum-confined states.
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3.2.1.2 Multiband k·p theories

Xia179 applied the Baldereschi-Lipari Hamiltonian160 to ZnSe QDs using the PIB

model, taking polarisation energies into account. Exciton states were calculated by

diagonalising the QD Hamiltonian in a single-particle basis.

Ekimov et al.180 calculated QSLs in CdSe NCs. The PIB model was used for

holes and a finite potential well for electrons. Electron QSLs were found using a

Kane-type theory67 which models the non-parabolicity of the CB due to the effects

of the VB. Electron states were written nQe where n is a radial quantum number,

Q = S, P,D, .. for Le = 0, 1, 2, .. where Le is the envelope angular momentum.

The combination of the LK Hamiltonian with a spherical potential causes mixing

between the bulk valence subbands so that only parity and the total hole angular

momentum F are conserved. QD hole states are mixtures of the Lh and Lh + 2

envelope functions (S-D mixing) and the lh, hh and so subbands (VB mixing),

written nQF where Q = S, P,D, .. for Lh = 0, 1, 2, .... Several electronic transitions

in the absorption spectra of CdSe NCs with radii of 2.1, 2.6 and 3.8 nm were assigned.

Norris and Bawendi181 (NB) used this theory to assign electronic transitions

in CdSe NCs ranging from ∼ 1.5 to ∼ 4.3 nm radius. Figure 3.8(a) shows the

calculated energy of the lowest exciton 1Se1S3/2 compared to experimental data -

the calculation models the data well for a ∼ 17 to ∼ 30 Å, but fails to describe the

curvature of the exciton energy. Because a similar problem occurs in InAs NCs182

where the more sophisticated 8-band theory was used, it is unlikely to be caused by

inadequacies of the 6-band LK Hamiltonian.183

Many of the higher exciton states agreed well with theory when plotted rela-

tive to the energy of the lowest exciton: Fig. 3.8(b) shows the 1Se1S1/2, 1Se1S1/2

and 1Se3S1/2 excitons compared to model results. Agreement for the 1Se2S3/2 and

1Pe1P3/2 excitons (Fig. 3.8(c)) was even better. The fact that many of the optical
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Figure 3.8: (a) The 1Se1S3/2 exciton energy against 1/radius2. The curve represents the
energy calculated in NB’s model, dots represent data from PLE experiments. (b) and (c)
show other predicted exciton states (lines) and experimental data (dots); adapted from
Ref. 181.

transitions share the same electron level suggests the theory struggles to describe

the electron energy, so plotting energies relative to the first exciton removes this

problem.

Although the exact origin of the additional non-parabolicity is unknown, there

are a number of possibilities.183 Firstly, there is the general problem of how to treat

the NC surface. NB partially accounted for penetration of carriers into the medium

by using a finite potential barrier Ve for the electrons; in practice Ve became a fitting

parameter to try to correct for deviations from the data. The finite potential square

well is a simple model of the confining potential and there is no rigorous way to take

into account the effects of ligand molecules attached to the surface in this continuum

model.

Secondly, the calculation of the Coulomb interaction using first order perturba-

tion theory neglects couplings between levels accounted for in more sophisticated

approaches (e.g. CI calculations). Ekimov’s and NB’s calculations also neglected

important dielectric mismatch effects.

Despite discrepancies, NB’s results illustrate the need to use a multiband k·p

approach to understand features of the data such as the avoided crossing of the
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1Se1S1/2 and 1Se2S1/2 transitions that occurs near 0.42 eV (Fig. 3.8(b)), the spin-

orbit splitting of CdSe. This feature cannot be explained without including VB and

S-D mixing.

The 8-band PB theory was applied to QDs by Efros and Rosen161 (ER) who

investigated the size dependence of QSLs in InSb, CdS and CdTe QDs with infinite

confining potentials in the spherical approximation, taking γL = (2γL2 + 3γL3 )/5 so

γ = (2γ2 + 3γ3)/5. (3.39)

The QSL energies in a spherical potential well are then correct to first order in

perturbation theory.161 Diagonalisation of the 8-band Hamiltonian gave the CB and

VB dispersions. The dispersion of the hh subband is161

k2
h =

ε

γ1 − 2γ
. (3.40)

The dispersions of the remaining bands are solutions to161

k6 + Ak4 +Bk2 + C = 0 (3.41)

where A =
v2

α(γ1 + 4γ)
− ε− εg

α
+

2ε(γ1 + γ) + δ(γ1 + 2γ)

(γ1 + 4γ)(γ1 − 2γ)
,

B =
v2(ε+ 2δ/3) + α(ε2 + δε)

α(γ1 + 4γ)(γ1 − 2γ)
− (ε− εg)[2ε(γ1 + γ) + δ(γ1 + 2γ)]

α(γ1 + 4γ)(γ1 − 2γ)
,

C = − (ε− εg)ε(ε+ δ)

α(γ1 + 4γ)(γ1 − 2γ)
, (3.42)

εg = 2m0Eg/~2, δ = 2m0∆/~2 and ε = 2m0E/~2. The strength of the coupling

between the CB and valence subbands is given by the Kane matrix element V =

−i〈S|p̂z|Z〉/m0 so that v = 2m0V/~ and Ep = 2m0V
2.161 The wavevectors of the

CB, lh and so subbands are labelled kc, k− and k+ respectively. The parameter α

determines the electron effective mass mc at the bottom of the CB, and takes into
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account the effects of higher CBs and remote bands:161

1

mc

=
1

m0

(
α +

Ep
3

[
2

Eg
+

1

Eg + ∆

])
. (3.43)

In spherical QDs electron and hole states are characterised by parity p, total

angular momentum j = J + L (L is the envelope angular momentum) and the z-

component of the angular momentum m = jz.
161 Ψ+

j,m denotes a wavefunction with

p = 1, and Ψ−j,m denotes a p = −1 wavefunction. Ψ±j,m was written in the 8-band

basis as a superposition of radial functions R±c,j, R
±
h1,j, R

±
h2,j and R±s,j multiplied by

angular functions. R±c,j and R±s,j multiply the uc1
2
,µ

and uv1
2
,µ

(µ = ±1
2
) LBFs in Ψ±j,m

so are associated with the CB and so subband respectively, whilst R±h1,j and R±h2,j

multiply the uv3
2
,µ

(µ = −3
2
, ., 3

2
) LBFs and represent the S-D mixing of the J = 3

2

subbands. Due to spherical symmetry, the radial functions are superpositions of

spherical Bessel functions (see Eqns. A.2 - A.5, Appendix A.1).

ER showed that the CB-VB coupling can strongly influence the QSLs in relatively

wide band gap semiconductors because it is determined by
√

∆e,h/(Eg + ∆Ee,h)

where ∆Ee,h is the electron or hole quantisation energy.161

The 8-band theory was applied to InAs NCs,182 although as mentioned failed

to fully describe the size dependence of the lowest exciton. However higher states

were successfully assigned once plotted relative to the energy of the first exciton in

a similar way to NB.181

3.2.2 Quantum dot heterostructures

Assuming infinitely high QD barriers allows the direct use of bulk k·p Hamiltoni-

ans. However the application of k·p Hamiltonians to nanoscale heterostructures is

less straightforward because of the presence of more than one material - multiband

Hamiltonians such as Eqn. 3.27 are derived assuming that all effective mass param-
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eters are constant. As a result the k·p description of QDHs has been characterised

by controversy over the years, particularly with regard to the BCs used to connect

envelope functions across heterojunctions.184

In heterostructures the material parameters are functions of coordinates so no

longer commute with the differential operators. We can easily see that the off-

diagonal terms of the LK Hamiltonian (Eqn. 3.27) are non-commutative, as was

pointed out by Luttinger and Kohn in an early paper.185 A common method to

find heterostructure Hamiltonians has been symmetrisation of the conventional k·p

Hamiltonian using symmetrical arrangements of the components of the momentum

operator to give a Hermitian Hamiltonian, for example mp̂ → [m(r)p̂ + p̂m(r)]/2

where m(r) is a position-dependent effective mass. This method has been used to

find states in superlattices,186 NWs,187 QWs188 and QDHs.189,190 However symmetri-

sation of each element is now known to be incorrect because it is not a necessary

condition for the Hamiltonian to be Hermitian.191

The justification for Bastard’s EFA186 was agreement with TBM calculations of

superlattices; as noted by Burt192 if this justification is used it merely becomes an

interpolation tool with little predictive power. When interface effects were observed

the equations had to be changed ad hoc to achieve agreement with experiment since

Bastard’s EFA does not rigorously treat interband mixing caused by interfaces.193

This highlighted the heuristic nature of the EFAs of the time, leading Burt to develop

a new envelope function method starting from the microscopic Hamiltonian in a

series of papers194–197 and review articles.147,192 Unlike the EFA used by Bastard

and others, Burt’s method is exact and derived from first principles so is called the

envelope function representation (EFR).
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In the EFR an arbitrary wavefunction ψ(r) is written147

ψ(r) =
∑
n

Fn(r)Un(r) (3.44)

where the Fn are envelope functions and the Un form a complete set of functions

periodic in r. This is essentially the LK expansion of Eqn. 3.6, and when applied to

heterostructures the material-dependent LBFs at the zone-centre have traditionally

been used, i.e. a different expansion is made for each layer. In the EFR just one

expansion is applied to the whole heterostructure - this makes the Fn unique and

also ensures they are smooth and continuous everywhere if ψ is well-behaved.147

Burt’s approach also shows why the EMA can be used for nanostructures in which

the potential is not slowly varying on the scale of a lattice unit (see page 64). Burt’s

formalism derives the effective mass equation only using the slowly-varying enve-

lope functions, making no assumptions about the composition of the nanostructure.

Therefore it can be used for a QW of width ≈ 1 ML if the state is only weaky bound

and the envelope function slowly varying.147

Foreman used Burt’s EFR to derive the VB Hamiltonian for QWs and superlat-

tices, accounting for coupling between the lh, hh and so subbands184 and describing

unambiguous envelope BCs. Prior to Burt’s theory, the only criteria used for con-

struction of the Hamiltonian were that it is Hermitian and reduces to the bulk form

away from interfaces, allowing for an infinite number of BCs - the most common

choice being that corresponding to ‘symmetrised’ Hamiltonians.184 Foreman showed

that use of the nonsymmetrised Hamiltonian led to radically different hh dispersions

for QWs, whilst the symmetrised form led to unphysical or ‘spurious’ hh subband

solutions.184 Other papers also provide evidence that the use of symmetrised Hamil-

tonians is incorrect. For example, a comparison between the VB structure in QWs

resulting from the Foreman and symmetrised VB Hamiltonians in Ref. 198 showed
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the latter gave rise to unphysical hh subband masses. In Ref. 199 the VB struc-

ture of QWs calculated in an sp3d5s∗ TBM was compared with those resulting from

symmetrised and non-symmetrised 6-band k·p models. Only the unsymmetrised

model gave good agreement with the TBM results when the material parameters of

the well and barrier strongly differed.

Burt’s EFR was subsequently applied to spherical QDHs by Pokatilov et al.191

using an 8-band theory.

3.2.2.1 8-band theory for QDHs

Due to spherical symmetry electron and hole states are eigenfunctions of the total

angular momentum j, its z-component m ≡ jz and parity p:191

Ψj,m,p(r) =

1/2∑
µ=−1/2

F c;j,m,p
1
2
,µ

(r)uc1
2
,µ

+

3/2∑
J=1/2

J∑
µ=−J

F v;j,m,p
J,µ (r)uvJ,µ (3.45)

where the envelope functions F
c(v);j,m,p
J,µ are191

F c;j,m,p
1
2
,µ

(r) =

j+1/2∑
l=j−1/2

l∑
λ=−l

Cj,m
1/2,µ;l,λR

c;j,p
1/2,l(r)Yl,λ(θ, φ), (3.46)

F v;j,m,p
J,µ (r) = fJ(µ)

j+J∑
l=|j−J |

l∑
λ=−l

Cj,m
J,µ;l,λR

v;j,p
J,l (r)Yl,λ(θ, φ). (3.47)

f1/2(µ) = 1
2
−µ and f3/2(µ) = µ− 3

2
, R

c(v);j,p
J,l are radial envelope functions of the CB

(VB), Cj,m
J,µ;l,λ are Clebsch-Gordan coefficients and Yl,λ are spherical harmonics.

We label electron (hole) states nqj (nQj) where q = s, p, d, .. (Q = S, P,D, ...)

denotes the lowest value lmin of the envelope angular momentum l in the wave-

function and n is the level number. lmin = j − p/2 for electrons and lmin =

min(j + p/2, |j − 3p/2|) for holes.191

The Hamiltonian Ĥ was derived in the basis {uc1
2

1
2

, uc1
2
,− 1

2

,uv3
2
, 3
2

,uv3
2
, 1
2

, uv3
2
,− 1

2

,uv3
2
,− 3

2

,
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uv1
2
, 1
2

, uv1
2
,− 1

2

} and used to derive radial Hamiltonians Ĥ(p)
j . Within each spherical

layer the radial QDH Hamiltonian equals the bulk radial Hamiltonian of Ref. 161

if the ER and Pokatilov radial functions are related by191

Rc;j,1
1/2,j−1/2 = R+

c,j, Rc;j,−1
1/2,j+1/2 = −R−c,j

Rv;j,1
3/2,j+1/2 = R+

h1,j, Rv;j,−1
3/2,j−1/2 = R−h1,j

Rv;j,1
3/2,j−3/2 = −R+

h2,j, Rv;j,−1
3/2,j+3/2 = −R−h2,j

Rv;j,1
1/2,j+1/2 = R+

s,j, Rv;j,−1
1/2,j−1/2 = R−s,j. (3.48)

where we have slightly modified the notation of the Pokatilov radial functions to

explicitly include the parity p. Once the radial functions are known inside each

spherical layer BCs are applied to match the wavefunctions in adjacent layers. For

an interface at r = a separating two materials A and B the BCs are191

(R(p)
j )A|r=a− = (R(p)

j )B|r=a+ (3.49)

Ĵ (p)
j (R(p)

j )A|r=a− = Ĵ (p)
j (R(p)

j )B|r=a+ (3.50)

where (where R(p)
j = (Rc;j,p

1/2,j−p/2, R
v;j,p
3/2,j+p/2, R

v;j,p
3/2,j−3p/2, R

v;j,p
1/2,j+p/2)T and Ĵ (p)

j is the

radial component of the current operator defined in Ref. 191. Similar equations

apply for any other heterointerfaces in the QDH.

For a QD in an infinite potential well (Fig. 3.9 (a)) if j ≥ 3
2

applying the BCs

gives the non-linear equations

C1f11(ε) + C2f12(ε) + C3f13(ε) + C4f14(ε) = 0 (3.51)

C1f21(ε) + C2f22(ε) + C3f23(ε) + C4f24(ε) = 0 (3.52)

C1f31(ε) + C2f32(ε) + C3f33(ε) + C4f34(ε) = 0 (3.53)

C1f41(ε) + C2f42(ε) + C3f43(ε) + C4f44(ε) = 0 (3.54)

where the fij (i = 1, .., 4, j = 1, .., 4) are functions of energy defined by Eqns. A.2 -

A.5 when r = a; for example f11 = jj−p/2(k
(1)
c a), etc. This system has a non-trivial
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solution only if the determinant

Fz(ε) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

f11(ε) f12(ε) f13(ε) f14(ε)

f21(ε) f22(ε) f23(ε) f24(ε)

f31(ε) f32(ε) f33(ε) f34(ε)

f41(ε) f42(ε) f43(ε) f44(ε)

∣∣∣∣∣∣∣∣∣∣∣∣∣
(3.55)

is zero. Therefore electron and hole energies can be found by solving Fz(ε) = 0.

When j = 1
2
, Fz is a 3× 3 determinant since R−h1,j = 0 when p = −1 and R+

h2,j = 0

when p = 1 (see Appendix A.1). ER161 derived analytic expressions for Fz although

this is not practical for more complicated cases.

For a QD embedded in another semiconductor (Fig. 3.9(b)) the radial functions

do not vanish at r = a but are matched with those at r > a. In the core the

radial functions are spherical Bessel functions jl, and in the second material they are

spherical Hankel functions hl. Applying Eqns. 3.49 and 3.50 gives eight equations in

eight unknowns. Solutions are found numerically by evaluating the 8×8 determinant

Fz(ε) and searching for zeroes. Similarly the QSLs of a core-shell QDH (Fig. 3.9(c))

can be found by evaluating a 16× 16 determinant, and those of a three-layer QDH

(Fig. 3.9(d)) from evaluating a 24× 24 determinant.

Figure 3.9: The forms of the radial functions in different spherically symmetric nanostruc-
tures: (a) a QD, (b) a two-layer QDH, (c) a core-shell QD and (d) a three-layer QDH.

The QDH Hamiltonian contains extra parameters due to the interfaces. ξ and χ
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are the dissymmetry parameters so-called because when ξ = 0 and χ = 0 we regain

the symmetrised Hamiltonan. χ and ξ are piecewise functions of r:191

χ(r) = (2γ2(r) + 3γ3(r)− γ1(r)− 1)/3, (3.56)

ξ(r) = cξv(r) (3.57)

where cξ is a constant for the entire heterostructure. χ couples the uv3
2
, 1
2

and uv3
2
,− 1

2

LBFs, as well as the uv1
2
, 1
2

and uv1
2
,− 1

2

LBFs in Ĥ.191 Equation 3.57 is the general form

for two-layer QDHs; for an N -layer QDH there can be N − 1 independent constants

(one for each heterointerface). We applied this 8-band theory to the GaAs/AlAs

QDH in Ref. 191 using their EMA parameters. The first row of Fig. 3.10 shows

Fz for a = 3 nm and cξ = 0 for (a) the s1/2 electron and (b) the S3/2 hole. When

calculating Fz we used energy-dependent functions in front of the fij which rescale

elements of the determinant to be of a similar order of magnitude and keep Fz to a

reasonable size.200 This reduces precision loss due to ill-conditioning of the matrix

but does not change the energy eigenvalues as long as an entire row or column is

multiplied by the function. Arrows in Fig. 3.10(a) and (b) indicate the eigenenergies

corresponding to roots of Fz(E) = 0. For the hole we get a zero at E = −341 meV

which does not represent a QSL but the top of the GaAs so subband. This occurs

because the premultiplier functions are of the form ke−ak so produce a zero when

k+ = 0 at E = −341 meV. Generally such zeroes are eliminated by excluding regions

such as so subbands and VB edges from the root search.

Figure 3.10(c) shows the electron QSLs as a function of core radius a, with

grey bands representing the range of energies obtained by varying cξ from -1 to

1. Calculations were performed with Mathematica.201 Ec denotes the energy of the

CBM, Ev the energy of the VBM. The energies from the symmetrised Hamiltonian

(χ = 0, cξ = 0) are shown as solid lines. Figure 3.10(d) shows the S3/2 hole energy
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Figure 3.10: (a) Plot of Fz as a function of energy for an a = 3 nm GaAs/AlAs QDH with
the location of electron s1/2 eigenenergies indicated by arrows. (b) The same for hole S3/2

states. (c) The electron QSLs as a function of radius a. (d) The S3/2 hole QSLs for the
same structure.

levels for the same structure. We find close agreement between our results and those

published in Ref. 191. These calculations show that single-particle levels of the non-

symmetrised Hamiltonian can differ significantly from those of the symmetrised one,

particularly for electron states. Pokatilov et al.191 showed that changing cξ from -2 to

2 could change the 1s1/21S3/2 single-particle gap by several hundred meV, depending

on the QDH materials. Figure 3.10(c) and (d) show that the possible deviation from

the symmetrised results increases as a decreases.

In the following paper202 the 8-band theory was applied to CdTe/HgTe/CdTe

and CdS/HgS/CdS QDQWs.
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3.2.2.2 (2,6)-band theory for QDHs

Pokatilov et al.191 also derived an energy-dependent 2-band electron Hamiltonian

Ĥe and energy-dependent 6-band hole Hamiltonian Ĥh - these approximations to

the full 8-band Hamiltonian are expected to be reasonably accurate for medium and

wide gap semiconductors. We refer to this as the (2,6)-band theory in which the

electron (hole) wavefunctions Ψ
e(h)
j,m,p are191

Ψe
j,m,p(r) =

∑
µ

F c;j,m,p
1
2
,µ

(r)uc1
2
,µ

(3.58) Ψh
j,m,p(r) =

∑
J,µ

F v;j,m,p
J,µ (r)uvJ,µ (3.59)

where µ = −1
2
, 1

2
in Eqn. 3.58 and J = 1

2
, 3

2
, µ = −J, .., J in Eqn. 3.59. Electron

and hole states are again labelled nqj and nQj (see page 84). The influence of the

VB on the CB is included in the parameters of Ĥe, and the influence of the CB

on the VB is included in parameters of Ĥh.
203 The electron dispersion equation is

obtained from Eqn. 3.41 by setting γ1 = γ = 0 giving

k2(v2(ε+
2δ

3
) + εα(ε+ δ))− ε2(ε+ δ) = 0 (3.60)

Equivalently an energy-dependent effective mass mc(ε) can be used (Eqn. A.13) so

the electron energy is E = ~2k2/2mc(ε). Since typically v2 � ε (Ref. 161) Eqn.

3.60 gives an approximately hyperbolic dispersion. The divergence from parabolicity

is due to coupling with the VB since if we set v = 0 we get the simple parabolic

dispersion ε = αk2.

The hh dispersion is found from Eqn. 3.40 whilst the lh and so dispersions are

found by setting α = 0 in Eqn. 3.41.
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The BCs for a heterointerface at r = a are

(R(p)
e(h),j)A|r=a− = (R(p)

e(h),j)B|r=a+ (3.61)

Ĵ (p)
e(h),j(R

(p)
e(h),j)A|r=a− = Ĵ (p)

e(h),j(R
(p)
e(h),j)B|r=a+ (3.62)

where

R(p)
e,j = Rc;j,p

1/2,j−p/2, R(p)
h,j =


Rv;j,p

3/2,j+p/2

Rv;j,p
3/2,j−3p/2

Rv;j,p
1/2,j+p/2

 (3.63)

The radial current operators Ĵ (p)
e(h),j are given in Appendix A.2.

In our work we are mainly concerned with modelling core-shell NCs, for which

we assume a finite potential well for r > a + as. Equations 3.58 and 3.59 show

that the (2,6)-band radial functions are simply the appropriate parts of the 8-band

radial functions. Therefore the CB functions are R±c,j = C1jj−p/2(k
(1)
c r) in the core,

R±c,j = Ca1jj−p/2(k
(2)
c r) + Ca1yj−p/2(k

(2)
c r) in the shell and R±c,j = Ce1hj−p/2(Im(ke)r)

in the external medium (see Appendix A.1). Similarly the VB radial functions R±h1,

R±h2 and R±s in the core are given by Eqns. A.3-A.5 without the first terms in square

brackets, in the shell by Eqns. A.7-A.9 without the first terms in square brackets

and in the external medium by Eqns. A.10-A.12.

Applying the BCs gives four non-linear simultaneous equations for the electron

and twelve such equations for the hole. We calculate QSLs by numerically solving

Fz,e = 0 and Fz,h = 0 where Fz,e and Fz,h are the determinants defined by applying

the electron and hole BCs respectively. We use Mathematica to locate roots using

a simple algorithm based on the sign change of Fz,e(h). Once eigenenergies are

located electron and hole wavefunctions are found by solving the BC equations for

C1, Ca1, Cb1, Ce1 for the electrons and C2, C3, C4, Ca2, Ca3, Ca4, Cb2, Cb3, Cb4 Ce2,

Ce3, and Ce4 for the holes (see Appendix A.1). Once the radial functions are known
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the Coulomb interaction can be calculated.

Whilst the preceding theory has been described for spherical geometry QDs

and QDHs, it can also be applied to arbitrary shape nanostructures. For exam-

ple the (2,6)-band theory was used to calculate the PL spectrum of a tetrahedral

CdS/HgS/CdS QDQW by Fonoberov et al.203,204 using a FDM. The FDM is also ap-

plied in the widely-used nextnano software package205,206 which implements 8-band

k·p calculations for modelling different shape nanostructures and devices.

The description of nanostructures with arbitrary shape can also be achieved

using PW expansions in a similar way to atomistic DFT calculations (see Section

2.1.2.2). To describe isolated QDs or QDHs supercells must be used to create a

periodic structure which can introduce artificial interactions with neighbouring QDs

(or QDHs); these can be reduced by making the supercells larger.207 Using PWs

enables compositional variation in the nanostructure to be taken into account, as

well as strain fields and piezoelectric effects. This approach was used to calculate

single-particle states in pyrimidal InAs/GaAs and InAs/GaAs QDHs and ‘volcano-

like’ InAs/GaAs QDHs in Ref. 208.∗

3.2.3 The Coulomb interaction

Many EMA calculations of QD excitons have assumed infinite confining potentials,

including those by Brus,175 ER,161 NB (for the holes) and others.176 They have also

been used for modelling excitons in core-shell NCs.209–211 Finite confining potentials

are expected to give more realistic descriptions of these systems, and improve agree-

ment between the interparticle Coulomb energy calculated in the EPM and EMA

for QDs without dielectric mismatch.212

In EMA calculations the Coulomb interaction is often calculated using a macro-

scopic treatment, assuming an effective dielectric constant for the nanostructure.

∗We note that symmetrisation of the Hamiltonian operators was used in this model.
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However the validity of using a bulk classical description of QD electrostatics is not

obvious. In addition, the averaged dielectric constants of small QDs were shown to

be reduced compared to their bulk values - this was originally associated with the

increased band gap EQD
g . However LDA DFT calculations on Si213 and GaAs214

QDs showed that the apparent reduction in macroscopic dielectric constant was as-

sociated with polarisation charges at the QD surface (which were well described by

classical electrostatics) and away from the surface the dielectric function is bulk-

like. Therefore EMA models of QDs and QDHs should include dielectric mismatch

effects.

In the strong confinement regime the exciton wavefunction is

Ψexc = Ψe∗Ψh (3.64)

where Ψe and Ψh are the electron and hole wavefunctions. First order perturbation

theory gives the exciton energy as

EX = Ee − Eh + 〈Ψh|〈Ψe|U |Ψe〉|Ψh〉 (3.65)

where Ee (Eh) is the electron (hole) energy and U is given by Eqn. 3.35. The

interparticle Coulomb energy Ec and the self-polarisation energies Es,i (i = e, h) are

Ec = 〈Ψh|〈Ψe|Vc(re, rh)|Ψe〉|Ψh〉, (3.66)

Es,i = 〈Ψh|〈Ψe|Vs(ri)|Ψe〉|Ψh〉. (3.67)

Therefore we calculate exciton energies as

EX = Ee − Eh + Ec + Es,e + Es,h (3.68)
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Equation 3.68 is essentially a ‘first order’ approximation to the Coulomb interaction

(Fig. 1.13) which does not include any correlation effects; more sophisticated treat-

ments include HFT and the CI method which have been used to study many-electron

states in QDs.215,216

Bolcatto and Proetto (BP)217 highlighted that finite confining potentials are

incompatible with the assumption of a step-like dielectric function (Fig. 3.7(a))

because all the polarisation charge localises at the boundary; therefore Vs(r) diverges

at r = a for a QD, giving divergent self-energies Es,i (i = e, h). BP developed a

numerical method for calculating Vc and Vs for spherically symmetric QDs with

smoothly varying dielectric constants. An interface region of width 2δ is defined

over which ε(r) changes from ε(r) ≡ εin to ε(r) ≡ εout (Fig. 3.11(a)). The dielectric

function is discretised into N steps so that it takes a constant value εi within the

ith slice, approximating the continuous problem by an N -step one for which each

single step problem has a known solution.217 The self-polarisation potential in the

mth region is217

V m
s (r) =

e2

8πε0εm

∞∑
l=0

1

1− pm,lqm,l
(pm,lr

2l + pm,lqm,lr
−1 + qm,lr

−2(l+1)), (3.69)

where m = 0, .., N . pm,l and qm,l are recursive coefficients defined in Ref. 217.

Numerical divergences are now encountered at the edge of each slice, so to calculate

Vs(r) we tabulate V m
s (r) over a grid starting at a− δ+ δ

N−1
, evaluating Eqn. 3.69 at

the centre of each slice218 in Mathematica; the Interpolation function201 is used

to give a completely smooth function Vs(r).

Figure 3.11(b) shows Vs(r) for different ε(r) profiles (see inset) for a GaAs QD

with a = 1 nm, εin = 12.6, and εout = 1; by using a smoothly varying (linear or

cosine-like) ε(r) the discontinuity in Vs associated with the step-like ε(r) is elimi-

nated. The step-like profile corresponds to δ = 0, whilst the cosine-like and linear
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Figure 3.11: (a) The discretisation scheme used by BP for a model of the dielectric inter-
face. (b) The potentials Vs arising from the different forms of ε(r) shown in the inset.

profiles have δ = 0.1 nm.

We adapt the BP model for core-shell QDHs, assuming a dielectric constant ε1

for the core, ε2 for the shell, ε3 for the surroundings and that ε(r) changes smoothly

over distances of 2δ1 and 2δ2 at the inner and outer material boundaries respectively.

We discretise the region a− δ1 < r < a+ as + δ2 into N − 1 slices, taking N = 500.

Figure 3.12(a) shows the resulting potential for an a = as = 1 nm CdTe/CdSe QDH

with δ1 = δ2 = 0.1 nm using dielectric constants εCdTe = 7.1 (Ref. 219), εCdSe = 6.2

(Ref. 220) and ε3 = 2 for the CdTe, CdSe and matrix regions respectively (see inset

of Fig. 3.12(a)). The self-polarisation potential of a core-shell QDH is similar to

that of a core QD, with a large attractive well just outside the surface near r = a+as

and a small peak at r = a due to dielectric mismatch of the core and shell.

In the BP model the interparticle potential Vc is217

Vc(re, rh) = − e2

4πε0εm

∞∑
l=0

Pl(cos γeh)
Fim,l(re, rh)

1− pm,lqm,l
(3.70)

when the particle with coordinate re (rh) is located in the ith (mth) slice. Fim,l is

defined in Ref. 217. The Pl are lth order Legendre polynomials and γeh is the angle

between the particles.

If we consider excitons for which the electron is in a spherically symmetric state,



3.2 Semiconductor nanostructures 95

Figure 3.12: (a) The potential Vs corresponding to the dielectric profile shown in the inset
for an a = as = 1 nm CdTe/CdSe QDH. (b) The l = 0 component of Vd and (c) the l = 0
component of Vp as a function of re and rh for the same QDH.

only the l = 0 component of Vc (denoted Vc,0) is needed to calculate Ec:

Vc,0(re, rh) =


−e2

4πε0εm
(pm,0 + r−1

> ), if i ≤ m

−e2

4πε0εm
(pi,0 + r−1

> )
i∏

j=m+1

1 + pj−1,0Rj−1

1 + pj,0Rj−1

, if i> m
(3.71)

where Ri is the radial coordinate of the ith slice and r> = max(re, rh). The l = 0

direct Coulomb term Vd,0 is given by the terms proportional to 1/r> and the l = 0

polarisation term Vp,0 is given by those proportional to pi,j. Vp = 0 for r > a+as+δ2

because there is no polarisation charge beyond r = a+ as + δ2. Vd,0 is unaffected by

the external dielectric constant whilst Vp,0 increases in magnitude as the dielectric

mismatch increases. Figure 3.12(b) and (c) show Vd,0 and Vp,0 as functions of re and

rh.

In the next chapter we apply the (2,6)-band theory for QDHs and BP model to

core-shell NCs and exciton states measured in experiment.



Chapter 4

CdTe/CdSe core-shell

nanocrystals

In this chapter we apply the multiband Hamiltonians of Pokatilov et al.191 to the

common-cation CdTe/CdSe and CdSe/CdTe NC systems. We show how the multi-

band EMA can be used to map exciton energies as a function of core radius and

shell width, and use the theory to assign the first few exciton transitions in ab-

sorption spectra measured by Oron et al.221 We compare these results with those

from a single-band model, highlighting the similarities and differences of the two

approaches.

4.1 Introduction

The synthesis of CdTe/CdSe core-shell NCs was first reported in 2003 by Kim et

al.44 Type-II NCs are of great interest due to properties arising from their band

edge profiles which cause the lowest energy states for electrons and holes to lie

in different spatial regions, leading to charge separation. We model such NCs as

spherical QDHs, classified according to whether they localise the hole in the core
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and the electron in the shell (Fig. 4.1(a)) or the electron in the core and the hole

in the shell (Fig. 4.1(b)) - the former are h/e QDHs, the latter e/h QDHs. Energy

Figure 4.1: Type-II band alignments in (a) an h/e and (b) an e/h QDH. Eg1, Eg2 and Eg3
represent the band gaps of the core, shell and matrix respectively. Ev1 and Ev2 are the
VBM offsets. Blue and red lines represent the lowest electron and hole QSLs respectively.

criteria209 are used to classify carriers as core or shell localised. For the h/e QDH

the electron is shell localised if its energy Ee lies below the CBM of the core material,

i.e. Ee < Eg1 and the hole core localised if |Eh| < Ev1 where Eh is the hole energy;

the zero of energy is taken to be the core VBM. For the e/h QDH the electron is

core localised if Ee < Eg2 and the hole is shell localised if |Eh| < Ev1; the zero of

energy is taken to be the shell VBM. Different localisation regimes are separated

by localisation boundaries. For example in the h/e QDH the electron localisation

boundary is defined by the equation Ee = Eg1. Consideration of the localisation of

both carriers for a particular combination of a and as leads to different localisation

regimes.209

For example, in an h/e QDH, if |Eh| < Ev1 and Ee < Eg1 corresponds to type-

II localisation. If |Eh| < Ev1 and Ee > Eg1 then the hole is core localised and the

electron delocalised over the QDH; this is quasi-type-II localisation. Similarly |Eh| >

Ev1 and Ee < Eg1 corresponds to quasi-type-II localisation. Finally, |Eh| > Ev1 and

Ee > Eg1 means both carriers are delocalised over the entire QDH, corresponding
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to type-I localisation.

Charge separation in core-shell NCs leads to interesting effects such as opti-

cal gaps of lower energy than the band gap of the constituent semiconductors209

and easier charge extraction in photovoltaic applications.47 It may also allow tun-

ing of carrier-carrier interactions that lead to applications in nonlinear optics222

and lasing.72 The starting point for the design of type-II NCs for applications is

a detailed understanding of single-exciton states, which determine many important

optical properties and provide a basis for understanding more complex situations

(e.g. multiple excitons).

4.2 CdTe/CdSe NC absorption spectra

In 2007 Oron et al.221 synthesised CdTe/CdSe NCs with 3.9 nm diameter cores and

different shell thicknesses. Figure 4.2(a) shows absorption spectra of NCs with shell

thicknesses as = 0.2, 0.5, 0.9, 1.5 2.15 and 2.5 nm measured by Oron et al. which

clearly show the redshift of the exciton peak as the shell width increases.

Figure 4.2: (a) Absorption spectra221 of CdTe/CdSe NCs with a = 1.95 nm and shell
thicknesses of 0.2, 0.5, 0.9, 1.5, 2.15 and 2.5 nm. (b) The Savitzsky-Golay smoothed
second derivatives of the spectra in (a).

The third spectrum shows a marked smearing of the absorption peak character-
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istic of a transition to a charge separated state with reduced oscillator strength due

to the smaller overlap of electron and hole wavefunctions.

We used Origin∗ to analyse the data and identify peaks. The Savitsky-Golay

smoothed second derivatives of the spectra were calculated to reduce the effects of

noise (Fig. 4.2(b)) and exciton features identified as minima in the second derivatives

- extracted peak positions are shown in Table 4.1.

Table 4.1: Wavelengths (in nm) of absorption features ex-
tracted from the data for different shell thicknesses.

as (nm) peak 1 peak 2 peak 3 peak 4 peak 5

0.2 624 584 542 500
0.5 642 600 564 520
0.9 686 632 604 572
1.5 722 680 656
2.15 764 552
2.5 576

Oron et al.221 used a single-band EMA to model the carrier wavefunctions in

the NCs assuming a finite confining potential in the external medium. Single-

band EMAs have also been used by experimentalists to model emission spectra,210

electron-hole overlap,211 and biexciton energies209 of type-II NCs. We therefore per-

form calculations of the single-particle and exciton energies using both a single-band

theory and the (2,6)-band theory to investigate the effect of using the simpler model.

4.3 Effective mass models

The heterostructure CBM and VBM profiles are modelled using bulk material pa-

rameters, with a finite band gap Eg3 in the surrounding material. We assume that

CdTe/CdSe and CdSe/CdTe NCs have ZB structures, in accordance with structural

∗OriginLab, Northampton, MA
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characterisation work in the literature223 and X-ray diffraction (XRD) measurements

on the CdTe cores of Oron et al.221 which indicated ZB structures.

4.3.1 Single-band theory

Electron (hole) wavefunctions are224 Ψ
e(h)
l,m (r) = R

c(v)
l (r)Yl,m(θ, φ) where R

c(v)
l is the

radial function of the electron (hole), Yl,m is the spherical harmonic and the par-

ity p = (−1)l. The CB and VB are described by parabolic bands with curva-

tures determined by the electron and hole effective masses me and mh. We apply

BenDaniel-Duke boundary conditions174,225 at the material boundaries to calculate

electron (hole) energies Ee (Eh). Electron (hole) levels are labelled nq (nQ) where

q = s, p, d, .. (Q = S, P,D, ..) denote the envelope angular momentum l and n is the

level number. The excitation probability Pt of the EHP state Ψe∗
l,mΨh

l′,m′ is

Pt = δmm′δll′ |
∫
Rc∗
l R

v
l′r

2dr|2 (4.1)

where δll′ represents the Kronecker delta.

4.3.2 (2,6)-band theory

We use the (2,6)-band theory for QDHs191 described in Section 3.2.2.2. The excita-

tion probability of the EHP state Ψe
j,m,pΨ

h
j′,m′,p′ is226

Pm,m′ = |
∫ ∫

δ(re − rh)Ψ
e∗
j,m,p(re)

e.ph
P (rh)

Ψh
j′,m′,p′(rh)dredrh|2 (4.2)

where ph is the hole momentum operator, e is polarisation of incident light and

P = 〈S|p̂z|Z〉 is the Kane momentum matrix element. The evaluation of Eqn.

4.2 for different single-particle states tells us which are dipole-allowed or dipole-

forbidden. Consideration of the angular dependence of the wavefunctions gives the
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selection rules227 ∆j = j − j′ = 0,±1, ∆lmin = 0,±2 and ∆m = m −m′ = 0,±1

where ∆lmin is the difference between lmin in the electron and hole wavefunctions

(Section 3.2.2.1).

We refer to the combination of the above EMA theories with the rectangular

potential well model of the confining potential as the effective mass models.

4.3.2.1 Material parameters

The electronic structure of core-shell NCs depends on the bandstructure parameters

of the constituent materials. Many Luttinger parameter sets have been found from

experiment and calculation for most of the II-V and II-VI ZB semiconductors,228

reflecting uncertainty in the values of these parameters. Composite Luttinger sets

may be constructed by averaging literature data228,229 or separate calculations per-

formed for each set.230 We follow the latter approach and perform calculations using

different parameter sets from the literature to investigate the effect on the electronic

structure.

Table 4.2 shows the parameters γLi (i = 1, 2, 3) and Ep used to calculate γ and

γ1 in the spherical approximation for CdTe; footnotes indicate whether they were

obtained from experiment (indicated by ‘expt’) or theory. For sets 1 to 5 we calculate

α (Eqn. 3.43) using the displayed values of Ep with Eg = 1.56 eV,231 mc = 0.091m0

and ∆ = 0.953 eV.161 We use room temperature band gaps because the absorption

data were measured at room temperature.221 Set 1 shows the γLi (i = 1, 2, 3) used

by ER taken from Ref. 232 with Ep taken from Ref. 233. Set 6 shows the modified

Luttinger and CB parameters obtained in Ref. 202 from the parameters of Ref. 232

using Eg = 1.57 eV and Ep = 17.4 eV.234

Table 4.3 shows the γLi (i = 1, 2, 3) used to calculate γ and γ1 for CdSe. Since

most of the references for CdSe do not specify Ep or α, γ and γ1 were calculated
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Table 4.2: CdTe parameters Ep and Luttinger sets from the literature with the resulting
γ, γ1, and α values.

Set Eg(eV) Ep (eV) γL1 γL2 γL3 γ γ1 α

1 a 1.56 17.9 5.37 1.67 1.98 -0.0564 1.545 0.965
2 b 1.56 9.974 3.61 0.972 1.08 -0.0288 1.479 5.404
3 c 1.56 21 5.1 1.66 1.66 -0.584 0.613 -0.771
4 d 1.56 17.4 6.5 2 2 0.141 2.78 1.245
5 e 1.56 24.2 5.96 2.31 2.76 -0.00547 0.789 -2.563
6 f 1.57 17.4 5.37 1.67 1.98 0.00887 1.676 1.302

aRef. 161 (expt). bRef. 235 (theory). cRef. 236 (expt). dRef. 234 (expt). eRef. ? (theory).
f Ref. 202 (expt).

using Ep = 17.5 eV and Eg = 1.75 eV.231 We assume mc = 0.12m0
237 and ∆ = 0.42

eV230 giving α = −1.02.

Table 4.3: CdSe γLi (i = 1, 2, 3) parameters from the literature with the
resulting modified Luttinger parameters.

Set γL1 γL2 γL3 γ γ1

1 a 2.1 0.55 0.55 -1.117 -1.233
2 b 1.66 0.41 0.41 -1.257 -1.673
3 b 1.66 0.41 0.53 -1.185 -1.673
4 b 1.66 0.347 0.452 -1.256 -1.673
5 c 2.52 0.65 0.95 -0.837 -0.813
6 d 3.33 1.11 1.45 -0.353 -0.00333

aRef. 180 (expt). bRef. 230. cRef. 238 (theory). dRef. 237 (theory)

The different parameter sets listed above in principle give thirty-six possible

combinations to model CdTe/CdSe NCs. These tables merely represent a selection

of literature values. When referring to a particular combination of CdTe and CdSe

parameters we use the abbreviation (i,j) to mean the combination of CdTe set i

with CdSe set j.

The (2,6)-band bulk dispersion relations predicted by the different parameter

sets vary considerably, particularly for CdTe. Figure 4.3 (a) shows the CdTe band-

structures from sets 4 and 5 which give the maximum and minimum VB curvatures

of the considered parameters (Table 4.2). We see a dramatic difference in the VB
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Figure 4.3: (a) CdTe bandstructures calculated using CdTe sets 4 and 5. (b) CdSe band-
structures calculated using CdSe sets 5 and 6. (c) The first few electron and hole QSLs
calculated using combinations (i,5) where i = 1, ..., 6 for an a = 1.95 nm, as = 0.9 nm
CdTe/CdSe QDH.

structure predicted by the two sets, and as a result the QSLs can vary considerably

as the CdTe set is changed and the CdSe set is kept constant. CdTe set 4 gives a

steeper hh dispersion because its γL2 and γL3 values give a larger value of γL so the

denominator of Eqn. 3.31 is larger; mhh = 0.4m0 for set 4 and mhh = 1.25m0 for

set 5. The CdTe set 5 VB structure is representative of the dispersions predicted by

sets 1,2,3, and 6, and in this sense set 4 is an outlier of the parameters.

Figure 4.3(b) shows the VB structure corresponding to CdSe sets 5 and 6. The

J = 3
2

subbands have very similar dispersions, whilst the set 5 so subband has

a shallower dispersion due to the smaller value of γL1 which gives mso = 0.40m0

compared to mso = 0.3m0 for set 6 (Eqn. 3.33). CdSe sets 1 to 5 give very similar

VB structures and set 6 can be considered the outlier of this group.

Figure 4.3(c) shows QSLs for a CdTe/CdSe QDH with a = 1.95 nm and as = 0.9

nm following the band profile of Ref. 221 and the combinations (i, 5) where i =

1, .., 6. The smaller VB curvature of CdTe set 5 leads to lower hole quantisation

energies and the separation of the 1S3/2 and 1P3/2 levels falling to 3 meV.

We also find that parameter combination (5,6) leads to the 1P3/2 level being the



4.3 Effective mass models 104

hole ground state (by ≈ 3 meV). Since experiment231 shows the hole ground state

is 1S3/2 for CdTe/CdSe NCs we conclude this parameter combination is unsuitable

for modelling these structures within the (2,6)-band theory. Figure 4.3(c) shows

that the hole level structure is 1S3/2, 1P3/2, 1P5/2, 1D5/2, 2S3/2, etc. for the remain-

ing parameter combinations and the electron level structure is 1s1/2, 1p1/2, 1p3/2,

1d3/2,..etc

The electron dispersion is mainly determined by α and Ep (Eqn. 3.60). Figure

4.3(c) shows that the 1s1/2 energies found using different parameter sets are very

similar, with differences increasing for the higher states. The greatest changes in

hole energies occur as the CdTe parameter set changes, reflecting the larger variation

in the CdTe VB parameters compared to the CdSe ones. The CdSe Luttinger sets of

Laheld and Einevoll (sets 2 to 4) are very similar, giving almost identical modified

Luttinger parameters.

Parameter combinations (4,j) where j=1,..,6 predict greater energy gaps between

the 1S3/2 and the 2S3/2 and 1P3/2 states than other combinations due to the greater

curvature of the set 4 CdTe valence subbands (Fig. 4.3(a)). In Fig. 4.4 we compare

wavelengths calculated using the (1,1) and (4,1) parameter combinations (lines) and

the absorption features extracted from the data (points). The Coulomb interaction

is calculated using εCdTe = 7.1 (Ref. 219), εCdSe = 6.2 (Ref. 220), ε3 = 2 and

δ1 = δ2 = 0.1 nm in the BP model. All dipole-allowed transitions up to the 1p3/2

electron level are shown. Ev1 = 0.4 eV was used to improve the fit to the lowest

exciton state. Figure 4.4(b) suggests that CdTe parameter set 4 is unsuitable for

modelling the absorption spectra since it predicts separations between the first and

second or first and third absorption features which are significantly too large when

the Coulomb interaction is included. The remaining parameter combinations predict

similar transition wavelengths to those shown in Fig. 4.4(a), and support the as-

signment of the 1s1/21S3/2, 1s1/22S3/2 transitions to the first two absorption features
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Figure 4.4: Absorption wavelengths of dipole-allowed transitions for CdTe/CdSe QDHs
calculated using (a) the (1,1) and (b) the (4,1) parameter combinations with Ev1 = 0.4
eV. Absorption features extracted from the data are shown as black dots.

and suggest that the third feature is due to a superposition of the 1p3/21P3/2 and

1p1/21P3/2 transitions. The fourth absorption feature corresponds to the 1p3/21P5/2

transition.

4.3.2.2 Fitting procedure

The confinement properties of core-shell NCs depend upon Ev1 and Ec1 because

the potential barriers carriers determine how easily wavefunctions spread across the

heterojunction. There are several literature values for the CdTe/CdSe VBM offset in

the absence of strain or alloying effects: 0.5 eV was found in a self-consistent LDA

DFT calculation of wurztite CdSe/CdTe QDHs.239 Other LDA DFT calculations

gave 0.57 eV240 and 0.69 eV241 for bulk ZB structures. Differences between the

VBM offsets of wurtzite and ZB CdTe/CdSe NCs are expected to be small since the

corresponding differences in band gaps are also small.242 Due to uncertainty in the

actual value we treat Ev1 as an adjustable parameter in the model.

Within the finite potential well model, the QSLs also depend upon the band gap

Eg3 of the external medium and band offsets at the outer surface. Again there is
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a range of literature values, depending on the surrounding material. We are aware

of multiband EMA calculations using values of 4.5 eV182 and 8 eV.202 Kim et al.44

used Eg3 ∼ 20 eV to represent organic ligands in single-band EMA calculations.

Although QSLs should be less dependent on Eg3 than Ev1, consideration of the

effects of Eg3 on quantitative predictions should be made so we initially treat it as

a fitting parameter. Assuming that the CBM and VBM offsets at the QDH surface

are equal243 gives

Ev2 =
Eg3 − 1.75

2
eV. (4.3)

To find the best fit to the data we calculate the energies of the 1s1/21S3/2, 1s1/22S3/2,

1p1/21P3/2 and 1p3/21P3/2 excitons for the different parameter combinations as a

function of Eg3 and Ev1, and calculate the sum of squared residuals Sres for the

absorption wavelengths (see Table 4.1). We vary Eg3 from 4.5 eV to 8 eV to en-

compass the main literature values. Figure 4.5(a) shows Sres for the first absorption

feature (1s1/21S3/2) calculated using the (2,5) combination - the fit is weakly depen-

dent on the gap Eg3 and strongly dependent on Ev1, with better fits occurring for

Ev1 < 0.5 eV. Figure 4.5(b) is a magnified view of (a), showing Sres has a minimum

as a function of Ev1 around 0.4 eV. We find similar size dependences for the next

two absorption features and other parameter combinations. Since calculated exciton

energies (and the fit to the data) depend far more on the offset Ev1 than the band

gap Eg3, we fix Eg3 at 8 eV and calculate the fit to the data as a function of Ev1 for

the valid parameter combinations. CdSe sets 2 to 4 give almost identical modified

Luttinger parameters; we find a difference of < 5 nm in the wavelengths found using

γ = −1.257 compared to using γ = −1.185. Since this is within the bounds of

experimental error we perform the full calculation of exciton energies for CdTe sets

1, 2, 3, 4, 5 and 6 combined with CdSe sets 1, 2, 5 and 6, giving 24 combinations.

All but eight of the combinations minimise Sres near Ev1 = 0.4 eV, so we choose
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Figure 4.5: (a) Plot showing Sres as a function of Eg3 and Ev1 for the lowest absorp-
tion feature calculated using the (2,5) parameter combination. (b) Magnified view of (a)
showing a minimum along lines of constant Eg3.

the combination that give the smallest value of Sres from this subset: (1,6) gives

Sres = 3610 nm2 at Ev1 = 0.4 eV.

4.3.2.3 Strain effects

Smith et al.244 showed that strain due to lattice mismatch can dramatically affect

the CBM and VBM offsets in core-shell NCs. Since the lattice parameter of CdSe is

∼ 6.6% smaller than that of CdTe,245 we expect CdTe/CdSe QDHs to be strained

systems, with the core experiencing compressive strain. Cai et al.245 synthesised

tetrapod and spherical core-shell CdTe/CdSe NCs and and applied a continuum

elasticity model (CEM) to model the change in CBM energy. The main effect of

strain was found to be an increase in the CBM energy in the core due to compression.

Annealing of the core-shell particles produced NCs with a gradual change in radial

composition, and was found to reduce the strain in the core.

Whilst ideally we would have included the effects of strain and a graded inter-

face in our single-band and (2,6)-band models, we found that the unstrained models

described in Section 4.3 give reasonable agreement with the experimental data. Al-

though modelling of a graded interface in a single-band model was performed in Ref.
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245 its inclusion in the (2,6)-band model would be non-trivial. It is reasonable to

assume that the synthesis method used by Oron et al.221 produced a thin alloyed re-

gion, because the CdTe cores were not washed of precursors before shell growth.246

This is expected to relax strain in the NC compared to a sharp heterointerface.

Strain effects are considered in more detail in Chapter 5.

4.4 Numerical results and discussion

4.4.1 Single-particle calculations

4.4.1.1 Single-particle energies

The EMA parameters used to model NCs in the single-band and (2,6)-band theory

are shown in rows 1-6 and 7-8 of Table 4.4 respectively.

Table 4.4: EMA parameters used to model
CdTe/CdSe and CdSe/CdTe NCs.

parameter CdTe CdSe matrix

Eg (eV) 1.56 a 1.75 a 8
Ep (eV) 17.9 b 17.5 a 0
∆ (eV) 0.953 b 0.42 c 0
γ -0.056 -0.353 0
γ1 1.545 -0.0033 1
α 0.965 -1.02 1
me (m0) 0.091 b 0.12 d 1
mh (m0) 0.4 e 0.45 f 1

aRef. 231. bRef. 161. cRef. 230. dRef. 237
eRef. 247. f Ref. 248

Figure 4.6 shows the bulk bandstructures of the NC materials from the two the-

ories calculated using parameters in Table 4.4. The (2,6)-band electron dispersions

(solid lines) of both materials deviate from the parabolic dispersions (dashed lines)

for higher energies due to coupling with the VB which tends to reduce their energy.
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For CdTe, the parabolic dispersion follows the hh and lh subbands reasonably well,

lying between the two for energies up to ≈ 1.5 eV. However in CdSe the proximity

of the so band means the parabolic (single-band) dispersion diverges significantly

from the lh and hh dispersions.

Figure 4.6: Bulk bandstructures of (a) CdTe and (b) CdSe calculated in the (2,6)-band
theory (solid lines) and single-band theory (dashed lines) using the parameters of Table
4.4. lh, hh and so label the lh, hh and so subbands respectively.

Figure 4.7 shows electron and hole energies for the two QDHs calculated in the

single and (2,6)-band models with localisation boundaries calculated from the energy

criteria; Fig. 4.7(a) shows the energy of the lowest spherically symmetric electron

state which is 1s in the single-band model and 1s1/2 in the (2,6)-band model. Figure

4.7(b)-(d) show hole energies of the first three levels with S and S3/2 symmetry in

the single-band and (2,6)-band models respectively.

Figure 4.7(a) and (b) show close agreement between the single-band and (2,6)-

band electron and hole ground state energies since the bandstructure is approxi-

mately parabolic for low energies. The localisation boundaries of the CdSe/CdTe

QDH agree closely with those found in Ref. 209 for an e/h QDH in an infinite

confining potential. Black regions indicate QDHs that are too small to produce con-

fined states in the finite potential well. The size dependence of hole energy levels is

affected by anticrossings in both models (shown by distortion of the constant energy

contours) in the direction of the confining dimension of the QDH, for example along
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Figure 4.7: Single-particle energies in CdTe/CdSe and CdSe/CdTe QDHs in the single-
band model (first and third columns) and (2,6)-band model (second and fourth columns);
(a) shows Ee for the 1s and 1s1/2 levels, (b)-(d) show the energy Eh for the 1S to 3S
and 1S3/2 to 3S3/2 levels. Thick black and red lines denote electron and hole localisation
boundaries respectively. Constant energy contours (thin black lines) are separated by 0.2
eV intervals, with labels in eV.

lines of constant as for the h/e QDH.

Figure 4.7 shows that the discrepancy between hole energy levels in the two

models increases with level number, as expected from the dispersion relations (Fig.

4.6). The difference between the hole levels in the two theories for n > 1 is greater
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in the e/h QDH than the h/e QDH - this arises from the deviation of the single-

band dispersion from the J = 3
2

subbands in CdSe. This seems counterintuitive

because the hole localises in the shell in the CdSe/CdTe QDH, but due to the VBM

profile (Fig. 4.1(b)) when |Eh| < Ev1 the hole is effectively confined in a finite

potential well with unequal potential barriers on either side. Therefore for n = 2, 3

hole levels the radial wavefunctions have significant components in the core region

because the potential barrier is smaller in this direction, and the bandstructure of

the core material becomes important. Since the hole tends to localise in the core of

the CdTe/CdSe QDH the VB structure of the shell material is less important for

calculating confined hole levels.

4.4.1.2 Excitation probabilities

Assuming strong confinement the excitation probabilities of exciton states are simply

those of the corresponding EHPs. In the single-band theory the excitation proba-

bility Pt is defined by Eqn. 4.1. In the (2,6)-band theory it is defined only between

electron (hole) eigenstates Ψ
e(h)
j,m,p with a specified polarisation direction e (Eqn. 4.2).

Substituting Ψe
j,m,p and Ψh

j,m,p (Eqns. 3.58 and 3.59) into Eqn. 4.2 for 1s1/2nS3/2

states we find that light with polarisation e excites transitions between electron and

hole states with the relative probabilities shown in Table 4.5, where

K = |
∫
R+∗
c, 1

2

R+
h2, 3

2

r2 dr|2 (4.4)

and θ is the angle between e and the z-axis. Probabilities in Table 4.5 are in

agreement with those found using a 4-band EMA for the holes.249

Averaging over all polarisation directions and summing over dipole-allowed tran-

sitions gives Pt = 2
3
K. Equation 4.4 shows that because the electron is in the 1s1/2

state only S-like components of the nS3/2 wavefunctions contribute to Pt and the
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Table 4.5: Excitation probabilities for different EHP states in the (2,6)-band theory.

m m′ Pm,m′ m m′ Pm,m′

-1
2

-3
2

1
2
K sin2 θ 1

2
-3

2
0

-1
2

-1
2

2
3
K cos2 θ 1

2
-1

2
1
6
K sin2 θ

-1
2

1
2

1
6
K sin2 θ 1

2
1
2

2
3
K cos2 θ

-1
2

3
2

0 1
2

3
2

1
2
K sin2 θ

probability depends on the overlap of R+
c, 1

2

and R+
h2, 3

2

. Therefore absorption probabil-

ities in the (2,6)-band model have a maximum value of 2
3

compared the single-band

theory where hole states are pure S states and the overlap can reach unity if electron

and hole wavefunctions are equal.

Figure 4.8 shows how Pt changes with hole level n for single-band 1snS excitons

and the (2,6)-band 1s1/2nS3/2 excitons.

For the lowest exciton in both QDHs the highest probabilities occur in the type-I

and quasi-type-II regimes (where wavefunction overlap is greatest) and the lowest in

the charge separated type-II regimes (Fig. 4.8(a)). We find close agreement between

our results for the 1s1S CdSe/CdTe QDH exciton and those of Ref. 209.

Figure 4.8 shows that for n > 1 the areas of high Pt tend to occur in the

quasi-type-II regimes, forming distinct ‘islands’ in the (a, as)-space that move in

the direction of increasing core radius (shell thickness) for the h/e (e/h) QDH. The

1s1/22S3/2 exciton of CdSe/CdTe QDHs differs slightly having a high probability

region that lies mostly in the type-II region where we would naively expect Pt to be

low.

The origin of the high Pt features is the distribution of hole probability density

within the QDH for these levels. If Ψh is the hole wavefunction in either EMA

model, we calculate the probability of presence pc(s) of the hole being in the core

(shell) as:
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Figure 4.8: Excitation probabilities Pt in CdTe/CdSe QDHs (first two columns) and
CdSe/CdTe QDHs (last two columns). Pt for the single-band 1snS excitons is shown
in the first and third columns and the second and fourth columns show Pt for the (2,6)-
band 1s1/2nS3/2 excitons; (a), (b) and (c) correspond to n = 1, 2 and 3. Black and red
lines represent electron and hole localisation boundaries respectively.

pc =

∫ a

0

Ψh∗(rh)Ψ
h(rh)drh, (4.5) ps =

∫ a+as

a

Ψh∗(rh)Ψ
h(rh)drh. (4.6)

Figure 4.9 shows ps(c) for the CdTe/CdSe (CdSe/CdTe) QDHs as a function of a and

as. The plots for the CdTe/CdSe QDH and its inverse structure are similar because

they show the probability of finding the hole in the CdSe region in each case. In the

CdTe/CdSe QDH increasing as corresponds to increasing CdSe shell thickness, and

in the CdSe/CdTe QDH increasing a corresponds to increasing CdSe core radius.
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Figure 4.9: The probability ps(c) of finding the hole in the shell (core) region of the
CdTe/CdSe (CdSe/CdTe) QDH for the 1s1/2nS3/2 and 1snS excitons; rows (a), (b) and
(c) correspond to n = 1, 2 and 3. Thick black lines are hole localisation boundaries and
dotted black lines represent those of previous levels.

Therefore the plots of ps for the CdTe/CdSe QDH are similar to those of pc for the

CdSe/CdTe QDH if the axes are transformed as a→ as and as → a.

Figure 4.9(a) reveals that for the lowest CdTe/CdSe QDH hole level, most of

its probability density is in the shell when it is classified as delocalised (left of the

localisation boundary), because QDHs to the left of the boundary mainly consist of

the shell material (as > a).

Therefore overlap of this hole density with the electron density in the shell gives

rise to the area of high Pt in the type-I and upper left quasi-type-II regimes of Fig.

4.8(a). The area of high Pt in the lower right quasi-type-II regime arises from overlap

between the delocalised electron and the core-localised hole.
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As the CdTe/CdSe QDH hole is excited we see that there are regions of high

probability ps to the left of the localisation boundary of that level (thick black line),

and areas of high ps are reproduced in the plot for the next level in the same region

of (a,as)-space leading to a series of ‘lobes’ (coloured red) that occur between the

hole localisation boundaries of previous levels (dotted black lines). The same sort

of pattern occurs for pc of the CdSe/CdTe QDH in the direction of increasing as.

In the (2,6)-band model the area of high pc between the 1S3/2 and 2S3/2 levels is

very narrow due to their similar energy. The appearance of high probability ‘lobes’

in approximately the same positions in (a, as)-space as those of lower levels can be

explained in tems of wavefunction orthogonality.∗ For a particular point in (a, as)-

space, if the radial wavefunction is large in the core region the wavefunction of

the next level in the same region will also have significant components to ensure

orthogonality, leading to replication of the high probability region. ‘Lobes’ occur

because the probability has to fall as the localisation boundary of the current level

is reached and the hole localises in the other region of the QDH.

The probability Pt is determined by the overlap of the electron and hole envelope

functions. Comparing Figs. 4.8 and 4.9 we see that the overlap between the electron

and hole wavefunctions only picks out one particular ‘lobe’ of high ps (pc) in the

h/e (e/h) QDH for each level. This also originates from hole wavefunction orthog-

onality - if the overlap between the electron and hole wavefunction is high for a

particular level, their envelope functions have similar radial dependences. Since the

hole wavefunction of the next level (and all other levels) is orthogonal for constant

QDH dimensions, the overlap will be low and that particular lobe will not give rise

to high Pt. This is shown in Fig. 4.8 where we see that an area of high probability

Pt for an exciton state is never replicated for higher states of equal symmetry; for

∗The energy dependence of the hole radial Hamiltonian means that radial wavefunctions deviate
from orthonormality by ∼ 1%.
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example the shapes of the high Pt features in Fig. 4.8(b) fit in the regions in which

Pt was comparatively low in (a).

The weakness of the 1s1/23S3/2 transition in the lower right quasi-type-II regime

(Fig. 4.8(c)) of CdSe/CdTe QDHs can similarly explained. The high Pt region of

1s1/22S3/2 must lie in the region in which Pt is low for the lowest EHP state. Due

to the proximity of the 2S3/2 and 1S3/2 levels this region lies largely above the 2S3/2

localisation boundary. For the 1s1/23S3/2 level we see that the hole wavefunction

only has significant amplitude in the core to overlap with the electron wavefunction

below the 3S3/2 localisation boundary (Fig. 4.9(c)). However since Pt is quite high

for the 1s1/22S3/2 state over much of this region Pt must remain low for the 1s1/23S3/2

exciton in this same area of (a,as)-space.

4.4.2 The Coulomb Interaction

4.4.2.1 Interparticle Coulomb Interaction

We calculate the Coulomb energy Ec according to Eqn. 3.66 as a function of a and

as for CdTe/CdSe and CdSe/CdTe QDHs. Figure 4.10 shows that for CdTe/CdSe

QDHs Ec is suppressed in the upper left quasi-type-II regimes (shown by bending of

the constant energy contours) but enhanced in the lower right quasi-type-II regimes

of the CdSe/CdTe QDHs. These changes are mainly due to shifts in the distribution

of hole probability density, shown by the fact that deviations from a 1/(a + as)

dependence occur mainly as function of whichever QDH dimension controls hole

localisation, i.e. a for CdTe/CdSe QDHs and as for CdSe/CdTe QDHs. The effect is

much smaller in CdTe/CdSe than CdSe/CdTe QDHs and originates from the direct

Coulomb energy Ec,d since Vd,0 depends on max(re, rh) whilst Vp,0 is essentially a

piecewise constant inside the QDH (Fig. 3.12(c)). Ec,d is suppressed in the upper

left quasi-type-II regimes of the CdTe/CdSe QDHs because the hole is delocalised
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Figure 4.10: The interparticle energy Ec for 1s1/2nS3/2 and 1snS excitons in CdTe/CdSe
and CdSe/CdTe QDHs; (a), (b) and (c) correspond to n = 1, 2 and 3. Dark red lines repre-
sent hole localisation boundaries and blue lines represent electron localisation boundaries.
Constant energy contours (black lines) are spaced at 50 meV intervals with labels in eV.

over the QDH which reduces the expectation value of 1/max(re, rh) compared to the

type-II regime where the hole is core localised (with smaller mean radial coordinate).

Ec,d is enhanced in the lower right quasi-type-II regime of CdSe/CdTe because the

hole is delocalised over the QDH which tends to increase the expectation value of

1/max(re, rh) compared to the type-II regime where it is shell localised (on average

further from the centre of the QDH). The distortions of the constant energy contours

of Fig. 4.10 may also be related to the probability of finding the hole in the core

or shell of the QDH (Fig. 4.9). This is most clearly seen for CdSe/CdTe QDHs in

which regions where Ec is enhanced coincide with the high pc ‘lobes’ in Fig. 4.9.

In Ref. 250 we made a comparison of the interparticle energy obtained from a per-
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turbative EFA and full QMC treatment of the Coulomb interaction in CdTe/CdSe

QDHs. The EFA and QMC results showed good agreement, indicating that the

strong confinement assumption (Eqn. 3.64) and a first order perturbation treat-

ment of the Coulomb interaction is reasonable for the lowest exciton in the QDHs

considered here. These calculations are described further in Appendix B .

4.4.2.2 Carrier self-energies

We focus on the hole self-energy Es,h since this shows the more interesting behaviour

of the two carriers; Fig. 4.11 shows the size dependence of Es,h for the considered

levels. From Eqn. 3.67, the hole self-energy is given by Es,h = 〈Ψh|Vs(rh)|Ψh〉 so

reflects changes in the overlap of hole probability density with the self-polarisation

potential Vs. The overall (a, as)-dependence of Es,h arises from the interplay of

contributions from the core, shell and matrix regions, defined as

Es,h,1 =

∫ a

0

Ψh∗VsΨ
hdr, Es,h,2 =

∫ a+as

a

Ψh∗VsΨ
hdr, Es,h,3 =

∫ ∞
a+as

Ψh∗VsΨ
hdr.

(4.7)

We find that Es,h,3 < 0 for most QDHs due to the potential well just outside the

QDH surface (Fig. 3.12(a)), and that it is small in magnitude compared to Es,h,1

and Es,h,2.

For the lowest CdTe/CdSe QDH hole level Es,h is slightly enhanced to the right

of the localisation boundary (hole core localised regime) compared to the left of it

(delocalised regime). This is because the increase in Es,h,1 on crossing the boundary

is nearly offset by the decrease in Es,h,2 as the amount of probability density increases

in the core and falls in the shell. Changes in Es,h with hole localisation in the e/h

QDH are larger and can be understood in terms of the contributions Es,h,1 and

Es,h,2. For the lowest CdSe/CdTe QDH hole level, Es,h is dramatically enhanced as

you cross the localisation boundary with increasing as because Es,h,2 increases as the
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Figure 4.11: The hole self-energy Es,h for 1s1/2nS3/2 and 1snS excitons in CdTe/CdSe
and CdSe/CdTe QDHs; (a), (b) and (c) correspond to n = 1, 2 and 3. Red lines represent
hole localisation boundaries and constant energy contours (black lines) are spaced at 25
meV intervals with labels in eV.

hole localises in the shell - this increase is considerably larger than the corresponding

decrease in Es,h,1 due to the large peak in Vs which occurs at the QDH surface (Fig.

3.12(a)). The change in Es,h as as increases is greater in the (2,6)-band model than

the single-band model due to faster hole localisation in the shell as as increases,

shown by the more rapid decrease of pc with as in Fig. 4.9(a). This is due to the

lower hole quantisation energies in the (2,6)-band model.

Generally there are larger changes in Es,h for the e/h QDH because they arise

from changing overlap with the large peak in Vs at the QDH surface, whilst in

the h/e QDH they arise from changing overlap with Vs in the core where it is

approximately constant (Fig. 3.12(a)). The complicated size dependence of Es,h
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for the higher levels can be understood by considering Fig. 4.9 and the relative

contributions of Es,h,1 and Es,h,2. For example for the e/h single-band 2S level Es,h

is suppressed below the hole localisation boundary relative to above it, exhibiting

a minimum shown by the bending of the constant energy contours (Fig. 4.11(b)).

For the corresponding (2, 6)-band level although Es,h is suppressed for as . 1.2 nm,

there is a local maximum below the hole localisation boundary. Comparing Figs.

4.9 and 4.11, areas of (a,as)-space where pc is high are associated with suppressed

Es,h in the CdSe/CdTe QDH because these QDH designs localise the hole away

from the large peak in Vs at the surface. We also find local maxima in Es,h as a

function of as correspond to local minima in the probability pc that occur between

the high probability ‘lobes’ in Fig. 4.9. This is seen for the 2S3/2 and 3S3/2 levels

of CdSe/CdTe QDHs with thin shells (as ≈ 0.5 nm).

The size dependence of Es,h for the 2S and 3S3/2 levels is quite similar in the two

models, due to their similar energies and hole localisation. The latter is reflected in

the similarity of the plots of the probability pc for the 2S and 3S3/2 levels (Fig. 4.9)

4.4.2.3 Core-shell NC absorption wavelengths

Figure 4.12 shows predicted absorption wavelengths for 1s1/2nS3/2 and 1snS (n =

1, 2, 3) excitons in CdTe/CdSe and CdSe/CdTe QDHs. The shortest wavelengths

occur in the type-I regimes and the longest in the type-II regimes. The type-II

band alignments of both QDHs allow for absorption wavelengths that span most of

the visible spectrum, from ∼450 nm in the type-I regime to ∼860 nm in the type-

II regime for the lowest exciton; the parameters in Table 4.4 give bulk absorption

wavelengths of 709 nm for CdSe and 795 nm for CdTe. Overall, the single-band

model predicts similar wavelengths to the more sophisticated model for the lowest

exciton of both structures but significantly different wavelengths for higher excitons.

Most of the discrepancy for the latter comes from the difference between the hole
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Figure 4.12: Absorption wavelengths for 1s1/2nS3/2 and 1snS excitons in CdTe/CdSe
and CdSe/CdTe QDHs; rows (a), (b) and (c) correspond to n = 1, 2 and 3. Constant
wavelength contours are separated by 20 nm intervals and labelled in units of nm. Electron
(hole) localisation boundaries are shown as dashed black (red) lines.

quantisation energies, due to the divergence of the single-band hole dispersion from

the J = 3
2

subbands. The wavelengths predicted for the 2S and 3S3/2 levels are

similar, showing that the single-band model effectively ‘misses’ a level predicted by

the (2,6)-band theory when using the parameters listed in Table 4.4.

Including the Coulomb interaction is necessary for quantitative agreement with

experimental data, particularly for the CdSe/CdTe QDH where the change in hole

self-energy with localisation regime significantly affects the absorption wavelengths.

The suppression of Es,h when the hole is delocalised leads to considerable redshift of

the wavelengths in the lower right quasi-type-II regimes reflected by the distortion

of the constant wavelength contours in those regions (Fig. 4.12). This effect is
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Figure 4.13: (a) Single-band absorption wavelengths (lines) for a = 1.95 nm QDHs; NC
absorption features are shown as black squares. (b) (2,6)-band QDH absorption wave-
lengths (lines). Legends indicate the exciton transition corresponding to each wavelength
line.

more marked in the (2,6)-band model due to stronger hole localisation in the shell

as its width increases. Such changes in absorption should be easily measurable

by experiment and could provide a useful test of the model used for the Coulomb

interaction in these structures.

In Fig. 4.13 we compare our model results for CdTe/CdSe QDHs with absorption

features extracted from the NC data221 for NCs with a = 1.95 nm. For the single-

band model (Fig. 4.13(b)) we show all allowed transitions involving electron states

up to l = 2, and for the (2,6)-band theory (Fig. 4.13(c)) we show all dipole-allowed

transitions involving electron states up to 1p3/2.

Both models predict the size-dependence of the lowest exciton energy quite well,

but the single-band model completely fails to predict the correct positions of the

second and third absorption features due to the artificially high hole quantisation

energies produced by the parabolic VB dispersion. Single-band theory also underes-

timates the number of transitions since only ∆l = 0 transitions are allowed (Section

4.3.1).
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S-D mixing in the (2,6)-band theory gives rise to more allowed transitions since

each wavefunction involves j − 1
2

and j + 3
2

envelope functions.

The (2,6)-band model predicts the energies of second and third absorption fea-

tures reasonably well, although diverges from the data for thin shells (as ≈ 0.2nm).

As described in Section 3.2.2, Burt’s EFR is expected to apply to regions of the

order of a ML thick, so this deviation may be due to the greater penetration of the

wavefunctions into the NC capping layer which cannot be rigorously described in

this continuum model.

The energy of the third transition is accurately predicted by the theory for

as >0.5 nm. Although the difference between experiment and theory is greater for

the second transition, we see the data shows a decreasing energy gap with increasing

shell thickness. This suggests the crossing of the second and third exciton levels does

occur, but at a larger shell thickness than predicted by the theory.

Despite differences with the data, the (2,6)-band theory allows us to identify the

first and second absorption features as due to the 1s1/21S3/2 and 1s1/22S3/2 excitons,

and the third as due to a superposition of the 1p1/21P3/2 and 1p3/21P3/2 excitons. The

fourth feature corresponds to the 1p3/21P5/2 exciton. We also tentatively identify

the broad, strengthening absorption feature seen around 575 nm (Fig. 4.2) for the

last two NCs in the size series as due to the 1d3/22D5/2 exciton. We make this

assignment on the basis of its energy and increasing excitation probability Pt with

shell thickness compared to nearby transitions - Fig. 4.14(a) shows the absorption

wavelengths of the six exciton states we identify using the (2,6)-band theory, with

lines color-coded for excitation probability. Figure 4.14(b) shows electron and hole

probability density isosurfaces for four of the exciton states for QDHs with shell

widths of as = 0, 0.5, 1 and 1.5 nm (shown in rows 1 to 4). The isosurfaces are

shown at 50 % of the maximum probability density and correspond to m = 1
2

for

the electron and hole wavefunctions. The electron density is basically spherically
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Figure 4.14: (a) Absorption wavelengths of (2,6)-band transitions in a = 1.95 nm
CdTe/CdSe QDHs; lines are colour coded for the probability Pt, and we label the six
transitions assigned to absorption features. (b) Probability density isosurfaces for four ex-
citons for shell widths of as = 0, 0.5, 1 and 1.5 nm, shown in rows 1, 2, 3 and 4 respectively.
Purple surfaces represent electron isosurfaces, red surfaces represent hole isosurfaces.

symmetric for the 1s1/2 and 1p1/2 states, but loses this symmetry for the 1p3/2 state

due to the presence of l = 1 spherical harmonics in the wavefunction. This allows

the electron to localise more strongly in the shell, so the 1p3/21P3/2 exciton has

very small excitation probability for all shell widths because the 1P3/2 state is core

localised. The plots also show how the P5/2 state localises in the shell, leading to

high overlap with the electron wavefunction and relatively high Pt for thin shells.

4.4.2.4 Core NC absorption wavelengths

For completeness we also consider the exciton energies of the core QDs which cor-

respond to the QDHs with as = 0 nm. Figure 4.15(a) shows QD radius against

wavelength taken from Fig. 4.12(a) for (i) CdTe QDs and (ii) CdSe QDs as full

black lines. Black squares represent experimental data and dashed lines are sizing

curves, both from Yu et al.251 Figure 4.15(a)(i) shows that the absorption wave-

lengths for the CdTe NCs are predicted to be about 20 nm too short by parameter

set 1 (Table 4.2), although the curve closely follows the size-dependence of the data.



4.4 Numerical results and discussion 125

Figure 4.15: (a) Core radius a versus 1s1/21S3/2 exciton absorption wavelength for (i)
CdTe and (ii) CdSe core NCs. Black squares represent experimental data and dashed
lines are sizing curves, both taken from Yu et al.251 Solid lines are (2,6)-band absorption
wavelengths. (b) shows exciton absorption wavelengths for a = 1.95 nm CdTe/CdSe QDHs
calculated using the Shokhovets composite Luttinger set with CdSe set 6.

This comparison suggests that the single-particle gap is predicted to be too large

by CdTe set 1. We therefore performed calculations using another parameter set,

taken from Shokhovets et al.228 We used the composite Luttinger set228 γL1 = 4.64,

γL2 = 1.46 and γL3 = 1.92 with Ep = 22.2 eV228 to give γ1 = −0.104 and γ = −0.636.

Using Ep = 22.2 eV with mc = 0.091 gave α = −1.44. Using these parameters

gives slightly shallower CB and VB dispersions, leading to better agreement with

experimental data (shown by the blue line in Fig. 4.15(a)(i)). In contrast, we see

that the absorption wavelengths predicted by CdSe set 6 (Table 4.3) agree closely

with the data (Fig. 4.15(a)(ii)).

Having found improved agreement with the CdTe NC data, we investigated

the effect of combining the Shokhovets CdTe parameters with CdSe set 6 for the

CdTe/CdSe QDH. Figure 4.15(b) shows dipole-allowed transitions up to the 1p3/2

electron level compared to the data of Oron et al.221 We see that the QDH wave-

lengths are now considerably too long, even for the lowest exciton. Despite the dis-

crepancy with the data, the predicted transitions have very similar size-dependences
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to those in Fig. 4.14(a) and predict the same exciton level order for the first five

states. Therefore these results do not conflict with the assignments made to the NC

exciton states in Section 4.4.2.3.

4.5 Conclusions and further work

CdTe/CdSe and CdSe/CdTe type-II NCs were modelled using a single-band and

(2,6)-band EMA assuming a finite confining potential. We calculated single-particle

states as a function of core radius and shell thickness and identified localisation

regimes. We found close agreement between the two EMA models for the carrier

ground states, but divergence of the hole energies for n > 1 due to the differ-

ence between the parabolic hole dispersion and the J = 3
2

subbands in CdSe. For

CdSe/CdTe QDHs the single-band model misses the hole level which should energet-

ically correspond to 2S3/2 in the (2,6)-band theory. Hole wavefunction orthogonality

affects the (a, as)-dependence of the hole localisation of successive levels, which in

turn affects size dependence of excitation probabilities. Excitation probabilities are

usually smaller in the (2,6)-band model due to the mixed S-D symmetry of hole

wavefunctions and the fact that only the J = 3
2

valence subbands contribute to the

oscillator strength. Hole states in the single-band model are pure S states which

can in theory have perfect overlap with the electron wavefunction. The absence

of S-D mixing in the single-band theory also means it underestimates the num-

ber of allowed transitions. We included the Coulomb interaction as a first order

perturbation, including interparticle and polarisation charge effects. We calculated

absorption wavelengths as a function of core radius and shell thickness for three

exciton states in each model. We compared calculated absorption wavelengths with

experimental data for CdTe/CdSe NCs and found that for Ev1 = 0.4 eV both models

predict the size dependence of the lowest exciton quite accurately, but the single-



4.5 Conclusions and further work 127

band model completely failed to predict the energies of second and third absorption

features correctly. The (2,6)-band model allowed us to identify the first and sec-

ond absorption features as the 1s1/21S3/2 and 1s1/22S3/2 excitons and the third as

a superposition of the 1p1/21P3/2 and 1p3/21P3/2 excitons. The fourth feature cor-

responds to the 1p3/21P5/2 exciton. We tentatively assigned the broad absorption

feature around 575 nm to the 1d3/22D5/2 exciton for the last two NCs in the size

series.

An obvious avenue for further work would be experiments to measure exciton en-

ergies for CdTe/CdSe and CdSe/CdTe NCs for different core radii and shell widths,

to enable comparison with the predictions of the (2,6)-band model for different

points in the (a, as)-space. Physical characterisation such as XRD measurements

could provide more information about the crystal structure and whether there is

lattice distortion due to strain. X-ray photoelectron spectroscopy (XPS) could help

determine whether the NCs are indeed alloyed at the heterointerface as suggested by

Oron.246 Such information would provide valuable input to EMA models and allow

us to evaluate whether assumptions such as the square well type confining potentials

and abrupt material boundaries are realistic.



Chapter 5

Strained ZnTe/ZnSe core-shell

nanocrystals

5.1 Introduction

In Chapter 4 we saw that the staggered band offsets of type-II cadmium chalcogenide

NCs lead to interesting properties such as charge separation and optical band gaps

that can be made smaller than those of the constituent materials. As a result these

systems have been extensively studied since the first syntheses.44

However cadmium-based NCs are toxic due to the heavy metal ions, making

them unsuitable for medical applications as well as display and lighting applications

due to environmental concerns. Among II-VI semiconductors the safe choices are

limited to ZnO, ZnS, ZnSe and ZnTe.47 Individually these materials’ large band

gaps mean they barely absorb or emit in the visible spectrum, but when combined

in type-II heterostructures absorption and emission can be shifted into the visible

range.

In 2010 Bang et al.47 synthesised colloidal core-shell ZnTe/ZnSe NCs for the

first time, as well as three-layer ZnTe/ZnSe/ZnS NCs. ZnTe/ZnSe NCs were also
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synthesised by Fairclough et al.252 in 2012. Since the lattice constant a0 of ZnTe is

∼ 7% larger than that of ZnSe, ZnTe/ZnSe NCs are strained QDHs.

Strain has long been exploited in the development of LEDs and lasers, as well as

the fabrication of SK grown QDs (see Section 1.2.1). Figure 5.1(a) shows how the

growth of a semiconductor with a smaller equilibrium lattice constant on a substrate

leads to tensile strain in the overgrown layer. Strain in colloidal NCs differs from

that in solid-state structures due to the small size of the NC core which allows it

to deform when a lattice mismatched shell is grown on top, i.e. the core and shell

strain each other interactively244 (Fig. 5.1(b)). The high surface area to volume

ratio and highly curved surfaces allow stress to be distributed over a large fraction

of the NC atoms, so much higher strain may be tolerated in small NCs than their

bulk counterparts.244

(a)                                                                                                                  (b)                   

tension

compression

bulk heterostructure QD heterostructure

tension

Figure 5.1: (a) The growth of a second semiconductor with smaller lattice constant on a
substrate to create a bulk heterostructure leads to tensile strain in the second layer. (b)
The corresponding situation in core-shell NCs differs because the core is compressed in
response to the growth of the shell region (adapted from Ref. 253).

5.2 Strain models

Strain models can generallly be divided into atomistic and continuum approaches.

A common atomistic approach is the valence force field (VFF) method in which the

strain energy is expressed as a functional EAE of atomic positions {Ri}. Atoms are

placed on a grid and allowed to dispace under strain one at a time; the overall atomic



5.2 Strain models 130

positions which minimise EAE are calculated and the strain tensor calculated at each

atom.254,255 The VFF method was used in Ref. 256 with the LCBB pseudopotential

approach to investigate InAs/InSb and InAs/GaAs embedded QDs. Strain can also

be incorporated in ab initio calculations such as real-space FDM DFT which was

applied to CdS/ZnS and ZnS/CdS NCs.257

Continuum approaches are sometimes called continuum elasticity models (CEMs)

- these treat the nanostructures as continuum materials to facilitate the calculation

of strain.

The effect of strain on bulk k·p bandstructure can be included using deformation

potential theory (see Section 3.1.2.4). The hydrostatic component of any strain field

only causes shifts in the band edges. Changes in the CBM (VBM) energy ECBM

(EVBM) can be related to the fractional volume change d ln Ω by258

aCB
v =

dECBM

d ln Ω
, aVB

v =
dEVBM

d ln Ω
(5.1)

where aCB
v (aVB

v ) is the CB (VB) volume deformation potential. The volume defor-

mation potential of the band gap is abv = aCB
v − aVB

v . Since the fractional volume

change is

∆Ω

Ω
= Tr(ε) = εxx + εyy + εzz (5.2)

calculation of the stress tensor ε allows the shifts in the CBM and VBM energies to

be found.

The effect of strain on the degenerate VB can be calculated using the Pikus-Bir

Hamiltonian;172 Bahder173 used this to derive an 8-band Hamiltonian for the CB

and VB in strained ZB semiconductors. This Hamiltonian was applied to pyrimidal

InAs/GaAs QDs in Ref. 189.

However it was noted by Zhang259 and Suzuki260 that the Pikus-Bir Hamiltonian

is only valid for structures in which the strain does not appreciably change on the
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scale of the envelope functions - as we shall see this is not the case in QDHs, and

Zhang259 showed that gradient strain terms ∇ε should be included in the Hamil-

tonian. However many calculations of strained QDHs using k·p theory neglect

these terms as a first approximation. For example 8-band calculations for quantum

wires261 and pyrimidal QDs190 neglected such terms, as well as more recent 8-band

calculations for wurztite CdSe/CdS QDHs.262

More recently Smith et al.244 applied a CEM to find the change in band

alignments due to strain in various multilayer structures including CdTe/CdSe,

CdTe/ZnSe and CdTe/ZnTe NCs. Cai et al.245 applied a CEM to CdTe/CdSe NCs,

modelling the effects of a sharp and diffuse material interface using a single-band

EMA.

We use the CEM from Ref. 263 which assumes isotropic materials and spherical

symmetry, giving hydrostatic strain in the core and biaxial strain in the shell. Since

the lattice constant of ZnTe is greater than that of ZnSe, the shell experiences tensile

strain in the tangential direction and compressive strain in the radial direction.244

This continuum model is expected to be less accurate in the vicinity of material

boundaries and for very small as where atomistic models are required; however it

gives analytic expressions for the strain fields so is far less computationally demand-

ing. Further details of the expressions and material parameters used can be found

in Appendix C.1.

5.3 Nanocrystal growth and characterisation

5.3.1 Synthesis

Fairclough252,264 synthesised ZnTe cores with a = 1.2, 1.8 and 2.3 nm using a method

based on that of Zhang et al.265 Transmission electron microscopy (TEM) confirmed
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that the NCs were spherical or quasi-spherical in shape with a size distribution of

7-9%.252,264

ZnSe shells up to five MLs thick were grown using SILAR to give three size

series. TEM indicated that shell growth maintained the size distribution of 7-9 %

and gave spherical or quasi-spherical NCs for all core sizes except NCs with a > 1.8

nm and shell thicknesses greater than 4 ML.252 Further details of the synthesis can

be found in Ref. 264. Figure 5.2(a) is a low resolution TEM image of a = 1.2 nm

(a)                                                     (b)                                                  (c)
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Figure 5.2: (a) Low resolution TEM image of a = 1.2 nm ZnTe/ZnSe NCs with 4 ML
shells. (b) High resolution TEM image of three of the NCs shown in (a), which have the
size distribution shown in (c); adapted from Ref. 252.

ZnTe/ZnSe NCs with 4 ML shells; (b) is a high resolution TEM (HRTEM) image

of three such NCs and (c) shows the size distribution of the ensemble. Alloyed NCs

were also synthesised using a modified growth procedure following Ref. 210.

5.3.2 Physical characterisation

A range of characterisation techniques were used to study the NC structures, in-

cluding TEM, HRTEM, XRD and XPS.264 XRD patterns and FFTs of HRTEM

images indicated the NCs were predominantly ZB structures. Such characterisation

measurements which give information about the crystal structure, lattice distortion

due to strain, NC geometry and size can provide important input to EMA models

(Fig. 1.13).
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5.3.2.1 XRD characterisation

XRD is widely used for the determination of crystal structures and relies on the fact

that X-rays have wavelengths of the same order as the interatomic spacing in many

crystals, so diffract when they pass through. The angles θ at which constructive

interference can occur are given by mλ = 2dhkl sin θ where λ is the wavelength, dhkl

is the distance between crystal planes and m is an integer; this is Bragg’s Law. For a

single crystal an XRD pattern consists of points for which constructive interference

has occurred (Fig. 5.3(a)).

Powder XRD involves irradiating a powdered sample with X-rays. Because the

sample contains many randomly oriented small crystallites, there can be many crys-

tallites which satisfy Bragg’s Law giving rise to concentric circles in the diffraction

pattern (Fig. 5.3(b)) at the angles 2θ. A diffractometer allows measurement of the

intensity of the diffracted X-rays as a function of θ (Fig. 5.3(c)).

Figure 5.3: A representation of (a) the XRD pattern from a single crystal sample, (b)
a powdered sample which gives rise to concentric rings and (c) a diffractometer used for
XRD measurements.

XRD spectra of ZnTe/ZnSe NCs were measured by Fairclough264 and simulated

spectra calculated using the DISCUS software package266 which is based on the

Debye equation. Figure 5.4 shows experimental spectra for a ZnTe NC and three

ZnTe/ZnSe NCs alongside simulated spectra. Thick black lines at the top and

bottom indicate the peak positions of bulk ZnSe and ZnTe respectively, with the
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lattice planes they originate from indicated by the Millar indices {hkl}.

Simulated spectra in Fig. 5.4(a) were calculated for an unstrained NC in which

the core and shell atoms are non-interacting and have their equilibrium positions;

whilst the simulation reproduces the peak positions of the ZnTe NC fairly accurately,

there are large discrepancies for the core-shell NCs. This is a strong indication

Figure 5.4: Experimental XRD spectra (solid lines) for different NC core radii and shell
widths (indicated on the right hand side) and simulated spectra (dashed lines) from (a)
the unstrained NC model and (b) the strained NC model.

that the atoms in the core-shell NC are not at their equilibrium positions. Figure

5.4(b) shows the same experimental spectra with simulated spectra calculated using

a strained NC model by Fairclough264 based on finding the stress inside the NC

using the CEM of Section C.1 and translating it to displacements of the atoms

from their equilibrium positions. The much improved fit between the simulated

and experimental spectra indicates that the NCs are indeed strained, and that the

lattice distortion for those dimensions can be reasonably described by the CEM of

Ref. 263.

5.3.2.2 XPS characterisation

XPS has long been used for the analysis of bulk materials and is finding increasing

use for nanostructures.267 XPS involves the irradiating a sample with X-rays and
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measuring the energy and number of electrons emitted from the material. Figure

5.5 shows a typical experimental configuration for XPS measurements. Electrons

are ejected via the photoelectric effect, and their energy can be used to calculate

the binding energy of the atoms they originate from. An XPS spectrum consists

of the number of electrons plotted against the binding energy. Each element in

the sample produces a characteristic set of peaks that correspond to the electronic

configurations in the atoms.

Figure 5.5: Typical experimental apparatus used for XPS measurements. X-ray photons
impinge on the sample from the left, whereupon the emitted photoelectrons pass through
a slit into a magnetic field which allows measurement of their energy. The inset shows a
typical energy distribution curve.268

Use of synchrotron X-rays enables the energy of the photons to be varied and

depth-resolved studies to be made. This is because of the dependence of the electron

inelastic mean free path IMFP (the average distance travelled between successive

inelastic collisions269) on the initial kinetic energy.270 If a NC has a core-shell struc-

ture, the intensity ratio of the core to shell spectra should increase with electron

kinetic energy and the core elements contribute more strongly. Therefore XPS can

be used to investigate the internal structure of NC QDHs.

XPS measurements were performed on a = 1.2 nm ZnTe/ZnSe NCs by Graham,
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Lunt, Hardman and Flavell (Photon Science Institute, The University of Manch-

ester) at MAXLab, Sweden.264 Figure 5.6(a) shows XPS spectra against binding

energy for different incident photon energies corresponding to different sampling

depths. The XPS peaks corresponding to the Te 4d and Se 3d levels are labelled,

and spectra are normalised to the Se 3d peak height.

Figure 5.6: XPS spectra for different photon energies showing the Te 4d and Se 3d peaks for
an a = 1.2 nm ZnTe/ZnSe NC with a 4 ML shell. (b) The elemental ratio N(Se)/N(Te) as
a function of photon energy (black squares with error bars) compared with the predictions
of a model based on Refs. 271 and 272 for a core radius of (b) 1.2 nm and (c) 1.65 nm
with shell widths ranging from 0.2 to 0.8 nm.

Figure 5.6(a) shows that the 255 eV spectrum has a high Se:Te peak ratio since

the photons have an estimated sampling depth of 1.9 nm and mainly probe the shell.

On increasing the photon energy (and sampling depth) the Se:Te ratio decreases,

indicating that the core is Te rich and the NC is not homogeneously alloyed.

The NC shell thickness can be estimated by applying the Beer-Lambert Law

to the photoelectrons if the spherical geometry of the NC is taken into account.

An analytic model was developed by Graham based on previous models271,272 to

allow calculation of the composition ratio using the photon energy. Figure 5.6(b)

shows predicted elemental ratios N(Se)/N(Te) for NCs with a = 1.2 nm (determined

from TEM) and as from 0.2 to 0.8 nm. The experimental photon energy matches
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that predicted for a NC with as = 0.5 nm, giving an overall diameter of 3.4 nm

compared to 4.5 nm determined from TEM. To give an overall diameter of 4.5

nm the core diameter in the model must be increased to 3.3 nm and as to 0.6

nm (Fig. 5.6(c)). Therefore the XPS results suggest a larger core size than that

observed in TEM, indicating the presence of alloying at the core-shell interface.264

The difference between the core size determined from TEM and from the XPS model

gives an alloyed region of ∼ 0.45 nm (less than 2 ML) as shown in Fig. 5.7(b).

Figure 5.7: Illustration of (a) an a = 1.2 nm, as = 1.05 nm ZnTe/ZnSe NC with a sharp
material interface and (b) an a = 1.2 nm ZnTe/ZnSe NC with an alloyed interface region
0.45 nm wide as suggested by the results of Fig. 5.6(c).

5.3.3 Absorption spectra

Figure 5.8 shows absorption spectra of the three size series measured by Fairclough.

All three core sizes show a marked weakening of the exciton absorption feature with

shell width characteristic of the transition to a charge-separated regime. Absorption

data were processed by Fairclough264 to find the positions of exciton features. For

wavelengths of extracted exciton features see Tables C.2, C.3 and C.4, Appendix

C.2.
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Figure 5.8: Absorption spectra of ZnTe/ZnSe NCs with (a) 1.2 nm, (b) 1.8 nm and (c) 2.3
nm radius cores. Legends show the shell width in MLs corresponding to each spectrum
(adapted from Ref. 264).

5.4 Effective mass models

To investigate the effect of strain we perform calculations using both the standard

(2,6)-band model and a modified (2,6)-band model which incorporates strain.

5.4.1 Unstrained NC model

5.4.1.1 Material parameters

There is a range of material parameters in the literature for both ZnTe and ZnSe,

particularly for the VB structure, reflecting the difficulty of accurately determining

the Luttinger parameters for II-VI materials. Since most of the references do not

specify at least one of Ep, ∆ or mc we use constant values of these parameters in

conjunction with different Luttinger sets. For ZnTe we take the room temperature

band gap to be Eg1 = 2.26 eV,273 Ep = 19.1 eV,274 ∆ = 0.92 eV274 and mc =

0.11m0
275 giving α = 1.45. Table 5.1 shows a few γLi (i = 1, 2, 3) parameters from

the literature with the resulting modified Luttinger parameters.

For ZnSe we use the band gap Eg2 = 2.7 eV,281 Ep = 24.2 eV,274 mc =
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Table 5.1: Different ZnTe γLi literature values with
the resulting modified Luttinger parameters.

Set γL1 γL2 γL3 γ γ1

1 a 3.44 0.59 2.03 0.0454 0.623
2 b 3.8 0.86 1.30 -0.285 0.983
3 c 4.07 0.78 1.59 -0.143 1.253
4 d 3.9 0.83 1.3 -0.297 1.0829
5 e 4.05 0.98 1.51 -0.111 1.233

aRef. 276 (theory). bRef. 277 (expt). cRef. 278 (expt).
dRef. 279 (expt). eRef. 280 (expt.).

0.141m0
228 and ∆ = 0.43 eV274 giving α = −1.46. Table 5.2 shows a few liter-

ature values for γLi (i = 1, 2, 3) with the resulting modified Luttinger parameters.

Table 5.2: Different ZnSe γLi (i = 1, 2, 3) literature
values with the resulting modified Luttinger parame-
ters.

Set γL1 γL2 γL3 γ γ1

1 a 6.44 2.58 2.74 1.182 3.452
2 b 2.786 0.676 1.025 -0.608 -0.202
3 c 4.30 1.14 1.84 0.066 1.312
4 d 2.45 0.61 1.11 -0.5838 -0.538
5 e 3.77 1.24 1.67 0.00417 0.782

aRef. 282 (expt). bRef. 283 (theory). cRef. 284 (expt).
dRef. 285 (expt). eRef. 286 (theory).

These tables represent a selection of values and are not meant to be compre-

hensive. Figure 5.9(a) shows the bandstructure resulting from ZnTe sets 1 and 2,

showing that set 1 predicts much shallower J = 3
2

subband dispersions than set 2,

reflected by mhh = 1.88 for set 1 compared to mhh = 0.64 from set 2 (Eqn. 3.31). Set

1 is effectively an outlier since ZnTe sets 2 to 5 predict very similar VB dispersions.

We find more variation in the bandstructures of the ZnSe Luttinger sets, with set

1 giving a much smaller mass for the so subband than other sets (Fig. 5.9(b)) due to

the larger value of γL1 (Eqn. 3.33). The remaining sets can be grouped together as

2 with 4 (Fig. 5.9(c)) and 3 with 5 (Fig. 5.9(d)), although differences between the
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J = 3
2

subbands (which are the most important for optical transitions) are smaller

than those between the J = 1
2

subbands.

Figure 5.9: (2,6)-band theory bandstructures for (a) ZnTe set 1 and 2, (b) ZnSe set 1, (c)
ZnSe set 2 and 4 and (d) ZnSe set 3 and 5.

As for the QDHs studied in Chapter 4, there are several values for the offset Ev1

in the literature. We are aware of the calculated values 1.08 eV,287 0.73 eV240 and

0.84 eV.241 In addition the external band gap Eg3 is not known, so Ev1 and Eg3 shall

be treated as fitting parameters. The combination of uncertainty in the Luttinger

parameters as well as Eg3 and Ev1 potentially gives a large phase space over which

to calculate a fit to the experimental data. To make the calculation tractable we use

the most recent value of Ev1 = 0.84 eV241 combined with Eg3 = 8 eV to investigate

the effect of different parameter sets in Tables 5.1 and 5.2 to the fit to the lowest

absorption feature.

In contrast to CdTe/CdSe QDHs the wide gap ZnTe/ZnSe QDHs cause signifi-

cant carrier penetration into the surrounding matrix if Eg3 = 8 eV and equal offsets

are used at the surface (Eqn. 4.3), particularly for electron states. Following Eqn.

4.3 with Ev1 = 0.84 eV, Ev2 = 3.49 eV and Eg3 = 8 eV gives Ec1 = 0.4 eV and

Ec2 = 2.65 eV (Fig. 4.1) and a CBM offset of 2.25 eV for the core ZnTe QD, which

is arguably unrealistically small. We therefore choose the band alignments such that

the CBM and VBM offsets of the external matrix relative to the core only QD are
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equal, i.e.

Ev1 + Ev2 =
Eg3 − Eg1

2
. (5.3)

Using these band alignments for the model improves the overall fit to the data for

all considered parameter combinations. We calculate the sum of residuals squared

Figure 5.10: Barcharts showing Sres values for different ZnTe and ZnSe parameter combi-
nations for (a) a = 1.2 nm, (b) a = 1.8 nm and (c) a = 2.3 nm QDHs; (d) shows the sum
of the residuals Stotres for the three core sizes.

Sres for the lowest NC absorption feature and the 1s1/21S3/2 exciton for the a = 1.2,

1.8 and 2.3 nm NCs. Calculations are performed for the twenty-five parameter

combinations from Tables 5.1 and 5.2 for each size series. Figure 5.10(a) to (c) show

Sres for the different parameter combinations for each size series, and Fig. 5.10(d)

shows the sum total of the residuals Stotres in (a) to (c).

We see that none of the parameter combinations give a good fit for all three

core sizes, and combinations (1, i) (i = 1, .., 5) give the worst agreement due to the

shallow J = 3
2

subband dispersions which predict wavelengths that are too long for

the a = 1.8 and 2.3 nm NCs. Figure 5.10(d) shows that the remaining parameter
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sets give similar quality fits to the data. We find the combination (3,4) gives the best

overall fit to the data, with Stotres = 4417 nm2 and use this for further single-particle

calculations. Exciton energies are calculated following Eqn. 3.68 in the BP model

with δ1 = δ2 = 0.1 nm and the dielectric constants εZnTe = 7.3 (Ref. 288) for the

core, εZnSe = 5.9 (Ref. 210) for the shell and ε3 = 2 for the external medium.

5.4.2 Strained NC model

Following the approach of Van de Walle289 we modify the unstrained CBM and

VBM profiles by uniform shifts due to the ‘homogeneous’ (r-independent) strain in

each region, giving the band gap

Eg =


Eg1 + 3pi

Ec
(2νc − 1)(aCB

v − aVB
v ) for r < a

Eg2 + 3cpi
Es(1−c)(1− 2νs)(a

CB
v − aVB

v ) for a < r < as.

(5.4)

Eg1 and Eg2 are the unstrained core and shell band gaps so the CBM and VBM

profiles change as a function of a and as. For ZnTe aCB
v = −6.95 and aVB

v = −2.28;

for ZnSe aCB
v = −5.93 and aVB

v = −1.97.258 Since the shifts are independent of r

the radial wavefunctions remain spherical Bessel or Hankel functions. We take into

account the effect of the size-dependent band-gap Eg on the parameters α, γL, γL1

and χ in the 6-band hole Hamiltonian.191 For example for the CB parameter α (Eqn.

3.43), α→ α(a, as) where

α(a, as) =
m0

mc

− Ep
3

(
2

Eg(a, as)
+

1

Eg(a, as) + ∆

)
(5.5)

and the band gap in the core and shell are given by Eqn. 5.4. Therefore α, γL,

γL1 and χ become functions of a and as, and coincide with the parameters of the

unstrained model for as = 0.
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Single-particle energies E
(1)
e(h) and wavefunctions ψ

(1)
e(h) of the modified potentials

are then calculated. Finally the inhomogeneous (r-dependent) part of the strain in

the shell region is added as a perturbation:

Hc(v) =
2cpi

Es(1− c)

(
a+ as
r

)3

(1− 2νs)a
c(v)
v . (5.6)

The corresponding first order energy shifts Ep,e(h) are

Ep,e(h) = 〈ψ(1)
e(h)|H

c(v)|ψ(1)
e(h)〉. (5.7)

Since all of the strain-dependent energy shifts of the CBM and VBM profiles main-

tain the spherical symmetry of the confining potential electron and hole eigenstates

retain the same symmetry as before the strain was added. For ZnTe/ZnSe QDHs,

we find that Ep,h ≈ −1 meV for nS3/2 states (n = 1, 2, 3), while Ep,e ≈ −20 meV

for the 1s1/2 state. In other words the inhomogeneous strain in the shell affects

electron states to much greater extent than hole states due to the greater CB defor-

mation potential. Therefore for hole states we approximate the VBM profile by a flat

band in the shell and use the wavefunctions ψ
(1)
h . For the electrons new ‘perturbed’

wavefunctions could be calculated in first order perturbation theory using290

ψ(2)
e,n = ψ(1)

e,n +
∑
l 6=n

Hc
ln

Ee,n − Ee,l
ψ

(1)
e,l , (5.8)

E(2)
e,n = E(1)

e,n + Ep,e (5.9)

where n labels the ordinal number of a level with given symmetry, Hc
kn = 〈ψ(1)

e,k |Hc|ψ(1)
e,n〉

and the wavefunctions ψ
(2)
e,n are normalised. However we find that matrix elements

Hln are of the order of 10 meV for n = 1 and electron ns1/2 levels are separated

by several hundred meV for NCs with a, as ≤ 4 nm so ψ
(2)
e,n ' ψ

(1)
e,n to a good
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approximation.

Exciton energies EX of the strained QDH are calculated as

EX = E(2)
e − E

(1)
h + E(1)

c + E
(1)
s,h + E(1)

s,e (5.10)

where E
(1)
c and E

(1)
s,e(h) are the interparticle and electron (hole) self-energy defined as

E(1)
c = 〈ψ(1)

h |〈ψ
(1)
e |Vc(re, rh)|ψ(1)

e 〉|ψ
(1)
h 〉 (5.11)

E
(1)
s,e(h) = 〈ψ(1)

e(h)|Vs(re)|ψ
(1)
e(h)〉. (5.12)

To model the Coulomb interaction we use the parameters listed in Section 5.4.1.

The electron localisation boundary is found by numerically solving the equation

E
(1)
e = Ec1 where Ec1 is the strain-dependent CB edge energy of the core. The hole

localisation boundary is found by numerically solving E
(1)
h = Ev1 where Ev1 is the

strain-dependent VB edge energy in the shell.

5.5 Numerical results and discussion

5.5.1 Fitting procedures

Initial calculations involved calculating Sres for the 1s1/21S3/2 exciton as a function

of Ev1 and Eg3 (following Eqn. 5.3) using the data in Tables C.2, C.3 and C.4.

Calculations were performed over a grid varying Ev1 from 0.4 to 1 eV in 50 meV

steps and Eg3 from 5 to 10 eV in 200 meV steps using the strained and unstrained NC

models. Figure 5.11(a)-(c) show Sres as a function of Ev1 and Eg3 for the a = 1.2, 1.8

and 2.3 nm NCs.

Electron energies are more affected by varying Eg3 and Ev1 due to the lower

effective mass which means the wavefunction spreads across the heterojunction more
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Figure 5.11: Sres for the 1s1/21S3/2 exciton in the unstrained and strained QDH models
(first and second rows respectively) for ZnTe/ZnSe NCs with (a) 1.2 nm, (b) 1.8 nm and
(c) 2.3 nm radius cores; (d) shows the sum total Stotres for the three core sizes.

easily, and the h/e structure which encourages the electron to localise in the shell

and penetrate into the external medium far more than the hole.

Figure 5.11(a) shows that neither model is able to give a reasonable fit to the

data for the smallest NCs, reflected by the large values of Sres over most of the

(Ev1, Eg3)-space considered. The agreement with the data is considerably better for

the a = 1.8 nm NCs since both models give local minima in Fig. 5.11(b), whilst

for the a = 2.3 nm NCs the fit is again poorer. Figure 5.11(d) shows the sum

total of the squared residuals shown in (a), (b) and (c). We use the Mathematica

ListInterpolation function to define a continuous function which represents Stotres;

applying FindMinimum gives the minimum value of Stotres = 3858 nm2 at Ev1 = 0.7 eV

and Eg3 = 5.631 eV in the unstrained NC model and Stotres = 3281 nm2 at Ev1 = 0.628

eV and Eg3 = 5.708 eV in the strained NC model. These values represent the

‘global’ best fit parameters of the models for the three size series. Figure 5.12 shows

the resulting absorption wavelengths calculated using these parameters alongside

experimental data (black squares); neither model is able to describe the data for
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all shell widths for any of the core radii, although the disagreement is worst for the

Figure 5.12: 1s1/21S3/2 absorption wavelengths from experiment (black squares) alongside
unstrained and strained NC model results (shown as dashed and full lines respectively) for
NCs with (a) 1.2 nm, (b) 1.8 nm and (c) 2.3 nm radius cores. Model results are calculated
with global best fit parameters (see main text) and legends indicate Sres values for the
strained (unstrained) results.

largest core NCs. Figure 5.12(a) shows that for a = 1.2 nm the calculations follow

the data reasonably well up to as = 1 nm, after which they diverge. For the a = 1.8

nm NCs (Fig. 5.12(b)) the agreement is much better, with discrepancies greatest

for the ZnTe NCs (as = 0 nm) and the strained NC model better able to describe

the as-dependence of the data than the unstrained model. Finally for the a = 2.3

nm NCs (Fig. 5.12(c)) both models predict wavelengths that are up to 20 nm too

long, but the strained NC model better follows the shape of the data which has a

gentle curve (highlighted by the dotted line) that flattens out for small as.

Since the models fail to correctly predict EX for the core NCs (particularly the

a = 1.8 and 2.3 nm NCs), we perform further calculations to fit the shift in exciton

energy with as relative to the ZnTe NCs. This approach has been used previously

when modelling CdSe/ZnS NCs.291

5.5.1.1 Lowest exciton state energy shift

We define the exciton energy shift ∆Es
X for a given as value to be the exciton energy

of the corresponding core NC minus EX for that shell width. We calculate Sres for
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the wavelength shifts as a function of Ev1 and Eg3 for the three size series. The

global best fit in the unstrained model gives Stotres = 478 nm2 at Eg3 = 6.479 eV and

Ev1 = 0.76 eV, whilst the strained model gives Stotres = 236 nm2 at Eg3 = 6.031 eV

and Ev1 = 0.71 eV. Figure 5.13 shows the resulting ∆Es
X values predicted by these

parameters with the experimental data.

Figure 5.13: The 1s1/21S3/2 energy shifts from experiment (black squares) alongside the
unstrained and strained NC model results (shown as dashed and full lines respectively) for
NCs with (a) 1.2 nm, (b) 1.8 nm and (c) 2.3 nm radius cores. Model results are calculated
at the global best fit parameters (see main text) and lower legends indicate Sres values for
the strained (unstrained) results.

Figure 5.13 shows both EMA models are able to predict the exciton energy shifts

much better than the absolute values (Fig. 5.12). This suggests that the models fail

to describe the electronic structure of ZnTe cores satisfactorily, but provide a better

description of the ZnSe shells.

Although the best fit for the a = 1.2 nm NCs is only marginally better in

the strained NC model (Fig. 5.13(a)), the fit to the a = 1.8 and 2.3 nm NCs is

significantly improved. For the largest NCs the improvement is striking, with the

strained model able to accurately predict the as-dependence up to as ∼ 1.2 nm.

The legends in Fig. 5.13 show Sres values for the strained and unstrained models

(the latter shown in parentheses); in the strained NC model the fit to the data is

considerably better for the two larger core sizes as reflected by the lower Sres values.

These results suggest that the smallest size NCs are not significantly strained
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compared to the a = 1.8 nm and a = 2.3 nm NCs. This is consistent with the

XPS results (see Section 5.3.2.2) which showed the smallest core NCs with a 0.45

nm wide alloyed region (Fig. 5.7(b)). Such alloying is expected to relax the strain

due to lattice mismatch since the lattice constant effectively changes smoothly from

the core to shell. In particular the compression of the core would be reduced, in

agreement with previous studies of CdTe/CdSe NCs.245 In contrast including strain

for the larger NC size series significantly improves the agreement with the data,

indicating these are strained structures.

To further study the effect of strain, Fairclough synthesised a = 2.3 nm NCs in

which the interfaces were deliberately alloyed over the first 4 ML.264 Figure 5.13(c)

shows that the experimental exciton shifts (red squares) agree closely with the un-

strained model, supporting the view that alloying relaxes strain in the heterostruc-

ture.

The origin of the flattening of the as-dependence of ∆Es
X as as goes to zero (Fig.

5.13(c)) lies in the single-particle energies. Figure 5.14(a)(i) shows single-particle

energies for an a = 2.3 nm QDH with Ev1 = 0.71 eV and Eg3 = 6.031 eV in the

strained and unstrained NC models. In the strained QDH the electron energy E
(1)
e

(full red line) has a maximum at as ∼ 0.25 nm, compared to the unstrained case for

which it decreases monotonically with as (black line); this means that the single-

particle gap for the strained QDH starts off with a gradient close to zero for small

as (Fig. 5.14(a)(ii)) in a similar way to the absorption wavelengths. Figure 5.14(b)

shows the band profiles for an a = 2.3 nm QDH with 0.25, 0.5 and 0.75 nm wide

shells with and without strain, showing how ‘double straining’ tends to increase the

type-II band alignment of the heterostructure.244 We see that the maximum in E
(1)
e

is due to the competing effects of increasing CBM energy due to compression by the

growing shell (which tends to increase E
(1)
e ) and increasing overall QDH size and

shell width which tend to lower E
(1)
e . Therefore we conclude that the flattening of
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Figure 5.14: (a) (i) shows electron and hole energies in the strained and unstrained models

(shown as red and black lines respectively) for an a = 2.3 nm QDH. E
(1)
e goes through a

maximum at as ∼ 0.25 nm, leading to EQDg having similar behaviour for small as, shown
in (ii). (b) shows the band profiles in the strained and unstrained models for an a = 2.3
nm QDH with 0.25, 0.5 and 0.75 nm wide shells.

the as-dependence of absorption wavelengths for the a = 2.3 nm NCs is primarily

due to the effect of strain on the 1s1/2 state.

5.5.2 Higher exciton states

The narrow size distribution of the a = 1.2 nm and a = 1.8 nm NC264 enables higher

exciton features to be extracted from the absorption spectra in Fig. 5.8(a) and (b).

The first two excitons were identified from the second derivatives of the spectra,

and weaker higher order transitions from the third and fourth derivatives - whilst

such features should be treated with caution we include them in the discussion for

completeness. Ideally low temperature photoluminescence excitation (PLE) spectra

would be used to accurately measure higher exciton states. For wavelengths of

extracted exciton features see Tables C.2, C.3 and C.4.

Figure 5.15 shows absorption wavelengths and excitation probabilities Pt of the

lowest exciton transitions involving the s1/2, p1/2 and p3/2 states for the a = 1.2

nm QDHs (Fig. 5.15(a) and (b)) and a = 1.8 nm QDHs (Fig. 5.15(c) and (d))
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calculated in the strained model using Ev1 = 0.71 eV and Eg3 = 6.031 eV.

Figure 5.15: (a) Absorption wavelengths predicted for exciton states (see legend) for
a = 1.2 nm QDHs shown with experimental data (black squares). (b) The same as (a)
with lines colour coded for excitation probability Pt. (c) Absorption wavelengths predicted
for exciton states (see legend) for a = 1.8 nm QDHs shown with experimental data (black
squares). (d) The same as (c) with lines colour coded for excitation probability Pt.

As expected the fit to the absorption features of the smaller size series NCs is

poorer of the two (Fig. 5.15(a)), although there is fair qualitative agreement between

the as-dependence of the first two exciton states and the data. The excitation

probability of the 1s1/21S3/2 exciton falls from ∼ 0.5 to 0.13 upon increasing as

from 0 to 1.4 nm, consistent with the weakening of the first absorption feature in

Fig. 5.8(a). Interestingly the second absorption feature agrees most closely with the

dipole-forbidden 1s1/21P3/2 transition, although the discrepancy between the model

and data makes this a tentative assignment. Agreement between the model and data

for the higher excitons is less certain, although the proximity of many of the exciton

states suggests these higher features are likely to be superpositions of transitions.

The relative excitation probabilites (Fig. 5.15(b)) suggest that the 1s1/22S3/2 and
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1p1/21P3/2 excitons make significant contributions to the third and fourth absorption

features.

The agreement between model and data is considerably better for the a = 1.8

nm NCs. The lowest exciton feature closely follows the 1s1/21S3/2 line (Fig. 5.15(c))

which now lies close to the forbidden 1s1/21P3/2 transition. The squares represent-

ing the second absorption feature lie close to the lines representing the 1s1/22S3/2,

1p1/21P3/2 and 1p3/21P3/2 excitons, although the 1s1/22S3/2 exciton follows the as-

dependence of the data most closely. At small shell widths the relative strength of

the 1s1/22S3/2 exciton (Fig. 5.15(d)) supports its assignment to the second feature.

However for as > 1 nm the greater strength of the 1p1/21P3/2 transition suggests it

makes a significant contribution to the second feature for thicker shells.

The third absorption feature of the a = 1.8 nm NCs closely follows the line for the

dipole-forbidden 1s1/21P1/2 transition (Fig. 5.15(c)). Transitions that are formally

forbidden in the electric dipole approximation have been observed for other QD

systems. For example 1se1P3/2 transitions were assigned to features in excitation

spectra of ZB InP NCs292 and wurztite CdSe NCs.227 Optically forbidden transitions

have also been invoked to explain the second absorption feature of PbSe NCs which

has been the source of much controversy over the years, with recent work suggesting

that breaking of inversion symmetry of the NC is likely to be important.293,294

One way inversion symmetry may be broken is by the presence of an internal

electric field which mixes odd and even QSLs. For example if the 1P3/2 hole state

becomes a superposition of the 1S3/2 and 1P3/2 states, the 1s1/21P3/2 transition can

have non-zero oscillator strength in the dipole approximation.227 Whilst the presence

of a large permanent dipole moment in wurztite CdSe is not surprising due to the

lattice symmetry, evidence for the same in ZB ZnSe NCs has also been found.295 One

of the possible causes was proposed to be surface strain induced by organic ligands,

since ZnSe is piezoelectric. Huong and Birman296 proposed that strain due to lattice
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mismatch in NCs can give rise to internal electric fields via the piezoelectric effect.

Strain due to lattice mismatch may therefore provide a mechanism for dipole-

forbidden transitions to have non-zero oscillator strength in ZnTe/ZnSe NCs. The

breaking of inversion symmetry may be tested experimentally by the comparison of

one-photon and two-photon excitation spectra, as demonstrated for CdSe NCs in

Ref. 227. One-photon transitions must satisfy the selection rules ∆lmin = 0,±2 and

∆j = 0,±1 whilst two-photon transitions must satisfy ∆lmin = ±1,±3 and ∆j =

0,±1,±3.227 Normally one-photon and two-photon spectroscopy excite completely

different sets of transitions, but the an internal field can lead to transitions obeying

the one-photon selection rules appearing in the two-photon spectra and vice versa.227

5.5.3 Effect of localisation regime

We saw in Chapter 4 that one of the important advantages of the multiband k·p

approach is the ability to map single-particle and exciton energies as a function of

core radius and shell width, enabling us to investigate different localisation regimes.

To investigate the effect of strain in different localisation regimes we calculate

single-particle and exciton energies in the unstrained and strained NC models using

the best fit parameters Ev1 = 0.71 eV and Eg3 = 6.031 eV from Section 5.5.1.1.

5.5.3.1 Single-particle energies

The first row of Fig. 5.16 shows single-particle energies in the strained ZnTe/ZnSe

QDH: (a) shows the 1s1/2 electron energy and (b) shows the nS3/2 (n = 1, 2, 3) hole

energies. Figure 5.16(c) and (d) show the energy shifts ∆Ee(h) = E
(1)
e(h) − Ee(h) due

to strain while Fig. 5.16(e) and (f) show the probabilty of presence of the electron

in the core and hole in the shell. We note that ∆Ee(h) = 0 along the lines a = 0

and as = 0 since in this simple CEM strain is only produced by the overgrowth of
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a shell region.

Figure 5.16: (a) The energy E
(1)
e and (b) E

(1)
h for the nS3/2 (n = 1, 2, 3) states in the

strained NC model. Constant energy contours are labelled in eV. (c) The energy shift
∆Ee due to strain for the 1s1/2 state. (d) The energy shifts ∆Eh for the nS3/2 (n = 1, 2, 3)
states. (e) The probability of presence of the electron in the core of the strained QDH. (f)
The probability of presence of the hole in the shell for the states in the row above.

Figure 5.16(a) shows that the 1s1/2 constant energy contours (thin black lines)

bend backwards below the electron localisation boundary (blue line) because E
(1)
e has

a maximum as a function of as due to the competing effects of strain and increasing

QDH size (also see Fig. 5.14(a)(i)). We see that strain causes electron energy shifts

of up to around 92 meV compared to 86 meV for the hole due to the larger CB

deformation potential. It also allows the electron to localise in the shell for much

narrower shell widths compared to the unstrained case, as shown by the localisation

boundary of the strained QDH (blue line) compared to the unstrained QDH (dashed

blue line). Figure 5.16(c) shows that ∆Ee is largest below the localisation boundary
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of the unstrained QDH and rapidly falls as the electron localises in the shell. Below

the localisation boundary ∆Ee is large and positive because although the electron

is classified as delocalised most of the probability density resides in the core. This is

shown in Fig. 5.16(e) where we show the probability of presence pc,e of the electron in

the core of the strained QDH. As a result the electron energy is significantly increased

upon introduction of strain to the system. We see that ∆Ee falls rapidly near the

unstrained QDH localisation boundary (Fig. 5.16(c)) as the electron localises in

the shell where the CBM energy is reduced due to strain. For large enough QDHs

(indicated by the thin dotted black line in Fig. 5.16(c)) ∆Ee becomes negative when

the electron strongly localises in the shell.

Figure 5.16(d) shows the hole energy shifts for the 1S3/2, 2S3/2, and 3S3/2 states.

The localisation boundaries of the strained and unstrained QDH are shown as solid

and dashed red lines respectively. We see that the dimensions at which the hole

localises in the core are much less affected by strain compared to the electron, and

there are regions to the left of the localisation boundary where ∆Eh ' 0. Figure

5.16(f) shows the probability of presence ps,h of the hole in the shell for the states

in the row above, and we see that the areas where ∆Eh ' 0 correspond to QDHs in

which there are large amounts of probability density in the shell. For these QDHs

the increase in core VBM energy is compensated by the decrease in shell VBM

energy. However as the hole localises in the core (to the right of the localisation

boundaries) it is mainly affected by the increase in VBM there so ∆Eh becomes

large and positive.

5.5.3.2 Absorption wavelengths

For unstrained QDHs we calculate exciton energies using Eqns. 3.66 to 3.68 as usual,

and for strained QDHs we follow Eqns. 5.10 to 5.12. The Coulomb interaction is

calculated using the parameters in Section 5.4.1.1.
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The first two columns of Fig. 5.17 show absorption wavelengths of the 1s1/2nS3/2

(n = 1, 2, 3) excitons in the unstrained and strained ZnTe/ZnSe QDHs; the third col-

umn shows the exciton energy shifts due to the introduction of strain. The electron

Figure 5.17: The first and second columns show absorption wavelengths of the (a)
1s1/21S3/2, (b) 1s1/22S3/2 and (c) 1s1/23S3/2 excitons for unstrained and strained
ZnTe/ZnSe QDHs. Constant wavelength contours are separated by 20 nm intervals and
labelled in units of nm. The electron (hole) localisation boundaries are shown as dotted
blue (red) lines for the unstrained QDHs, and dashed black (red) lines for the strained
QDHs. The third column shows the corresponding energy shifts caused by strain.

(hole) localisation boundaries are shown as dotted blue (red) lines for the unstrained

QDHs, and dashed blue (red) lines for the strained QDHs. The introduction of strain

causes redshifts in the absorption wavelengths for most QDH dimensions due to the

increase in Ec1 and Ev1 (Fig. 5.14(b)) which increases the type-II nature of the

band alignment (double straining). For an a = as = 2 nm QDH the introduction

of strain redshifts the 1s1/21S3/2, 1s1/22S3/2 and 1s1/23S3/2 excitons by 18, 15 and
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9 nm respectively. Energy shifts in the region of (a, as)-space corresponding to the

type-II regime of the unstrained QDH are always negative because the hole is core

localised and the electron shell localised. The hole energy is increased by the rise in

the core VBM energy whilst the electron energy is reduced by the fall in shell CBM

energy, reducing the single-particle gap.

The third column of Fig. 5.17 shows that the energy shift rises to zero and

becomes positive in the type-I and quasi-type-II regimes. The largest positive en-

ergy shifts lie in the lower right quasi-type-II regimes and are associated with the

increased 1s1/2 electron energy (see Section 5.5.3.1). The result is the bending of the

constant energy contours in the lower right quasi-type-II regions of the strained QDH

wavelength plots in Fig. 5.17. Similar behaviour was seen for the lowest exciton of

the 2.3 nm radius core NCs (Fig. 5.13(c)); unfortunately no data on the excited

states was measured for this size series due to the weakness of such transitions and

the greater size distribution of the NCs.297

In the upper left quasi-type-II regions of Fig. 5.17 the energy shift is close to

zero in those areas in which ps,h is high (red regions in Fig. 5.16(c)) because the

hole energy shift ∆Eh is close to zero (Fig. 5.16(c)). This is shown by the similarity

of the shapes of the orange and yellow regions in the upper left quasi-type-II regions

of Fig. 5.17 and the red regions of Fig. 5.16(c).

5.6 Conclusions and further work

Type-II ZnTe/ZnSe NCs were modelled using the (2,6)-band theory of Pokatilov

et al.191 Strain in the core-shell NCs due to lattice mismatch was modelled using a

previously developed CEM. The effects of hydrostatic strain on the band alignments

and EMA parameters of the (2,6)-band theory were included in a strained NC model.

This can be viewed as a first order approximation to the effect of strain on the
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electronic structure, and further work could be done to develop a model using a

rigorous strain-dependent multiband k·p Hamiltonian.

The unstrained and strained NC models were used to calculate exciton absorption

wavelengths for three size series of ZnTe/ZnSe NCs with 1.2, 1.8 and 2.3 nm radius

cores. Whilst neither model could accurately describe the 1s1/21S3/2 exciton energy

for all three core sizes, the energy shift ∆Es
X relative to the core NC was much better

described, particularly for the largest size series. The strained NC model gave better

fits for the a = 1.8 and 2.3 nm size series, the inclusion of strain being essential for

describing the as-dependence of ∆Es
X for the largest NCs. We found Ev1 = 0.76 eV

and Eg3 = 6.479 eV in the unstrained model and Ev1 = 0.71 eV and Eg3 = 6.031 eV

in the strained model optimised the fits to the data. The distinctive as-dependence

for the a = 2.3 nm NCs was explained as being due to the competing effects of

changing spatial confinement and increasing core compression on the 1s1/2 electron

energy. The importance of strain was further demonstrated by the description of

the as-dependence of ∆Es
X for alloyed NCs by the unstrained NC model, suggesting

that alloying effectively relaxes stress otherwise caused by lattice mismatch.

Using Ev1 = 0.71 eV and Eg3 = 6.031 eV we calculated higher exciton absorption

wavelengths and compared them with experiment for the a = 1.2 and 1.8 nm NCs.

Whilst agreement between absolute energies was relatively poor for the a = 1.2 nm

NCs the as-dependence was well described. Agreement between model and data

was better for the a = 1.8 nm NCs, with many of the higher exciton states agree-

ing with calculated transitions. Calculations showed that the lowest exciton feature

closely follows the 1s1/21S3/2 and dipole-forbidden 1s1/21P3/2 exciton energies. The

second absorption feature closely followed the 1s1/22S3/2, 1p1/21P3/2 and 1p3/21P3/2

transitions. Interestingly the third absorption feature closely followed the calculated

energy of the dipole-forbidden 1s1/21P3/2 transition. One way dipole-forbidden tran-

sitions can be observed in NCs is for the inversion symmetry of the QD to be broken,
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perhaps by an internal electric field arising from piezoelectric effects in the strained

shell. This could be tested experimentally by comparing the one- and two-photon

excitation spectra.

We also calculated single-particle and exciton energies as functions of a and as in

the strained and unstrained QDH models. We found strain causes shifts of up to 100

meV in the 1s1/2 energy when it is delocalised; this falls to zero and becomes negative

when it is shell localised. For nS3/2 states the energy shift is close to zero when it is

delocalised, rising to ∼ 75 meV when it is core localised. The net result is that the

1s1/2nS3/2 absorption wavelengths undergo a redshift in the type-II regime, a blue

shift in the type-I and lower right quasi-type-II regimes and are nearly unchanged

in the upper left quasi-type-II regime.



Chapter 6

The Configuration Interaction

Method

6.1 Introduction

The numerical diagonalisation of a system’s Hamiltonian is known as the configura-

tion interaction (CI) method. The CI method involves calculation of a single-particle

basis and direct diagonalisation of the system’s many-body Hamiltonian in this ba-

sis. Since the complete set of single-particle states forms a complete basis in the

Hilbert space, diagonalisation of the Hamiltonian in this basis will, in principle, give

all the exact eigenstates and eigenenergies - hence it is sometimes called exact diag-

onalisation. Like QMC simulations, the CI method is therefore classified as a full

treatment of the interactions between charge carriers (Fig. 1.13) and can fully de-

scribe correlation effects. In contrast to QMC calculations, the CI method naturally

yields the wavefunctions and energies of excited states from the diagonalisation.

However it is usually impossible diagonalise the Hamiltonian in the full basis

although the effect of increasing the basis set can be investigated to give an estimate

of errors introduced by truncation. We also note that for embedded SK QDs the
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number of QSLs is limited by the band gap of the outer material, and for colloidal

NCs it is limited by the band gap of the surrounding medium.

The single-particle basis states may be generated in a number of ways, for exam-

ple using the single-band or multiband EMA,176 TBM,298 effective-bond orbitals299

and SEPM.300

CI calculations are generally numerically intensive, and do not scale well with

the number of particles in the system - the amount of computing resources needed

generally grows binomially with N .

In this chapter we apply the CI method in the multiband EMA to CdTe/CdSe

and CdSe/CdTe QDHs and compare the results to those obtained using first order

perturbation theory. We map the shifts in exciton energy and excitation probability

as a function of core radius and shell width to investigate the effects of correlation in

different localisation regimes. We also plot radial probability densities to understand

the effects of correlation on the charge density.

6.2 Exciton Hamiltonian

In the EFR the exciton Hamiltonian is

ĤX = Ĥe + Ĥh + Vc(re, rh) + Vs(re) + Vs(rh) (6.1)

where Ĥe (Ĥh) is the electron (hole) Hamiltonian, Vc is the interparticle Coulomb

potential and Vs is the self-polarisation potential. Exciton states are eigenstates of

the Schrödinger equation

ĤX |Ψx
M,Mz
〉 = EX |Ψx

M,Mz
〉. (6.2)
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Following Ref. 301 exciton states can be expanded in terms of EHP states with

well-defined total angular momentum M and z-component Mz:

|Ψx
M,Mz
〉 =

∑
β={ne,le,je,nh,lh,jh}

cβ|nelejenhlhjh;MMz〉 (6.3)

where

|nelejenhlhjh;MMz〉 =
∑
me,mh

CM,Mz

je,me;jh,mh
|nelejeme〉|nhlhjhmh〉. (6.4)

Substituting Eqn. 6.3 in Eqn. 6.2 and acting from the left with 〈n′el′ej′en′hl′hj′h;MMz|

gives

∑
β

cβ〈n′el′ej′en′hl′hj′h;MMz|Ĥex|nelejenhlhjh;MMz〉 = (6.5)

EX
∑
β

cβ〈n′el′ej′en′hl′hj′h;MMz|nelejenhlhjh;MMz〉

which is the matrix representation of the Schrödinger equation. Because exciton

states are states of constant M and Mz we can diagonalise the Hamiltonian sepa-

rately in different (M ,Mz)-subspaces.301 In the absence of an external electric field

each exciton state |Ψx
M,Mz
〉 is (2Mz+1)-fold degenerate in energy. For the 1s1/21S3/2

exciton the total angular momenta of the electron and hole can combine to give

M = 1 or M = 2, giving an eightfold degenerate state.301 In this work we focus on

the optically active M = 1 states.

6.3 Choice of multiband theory

In Ref. 191 an 8-band nonsymmetrised QDH Hamiltonian as well as separate energy-

dependent Hamiltonians for electrons and holes were derived. It seems more natural

to use the former to generate the single-particle basis because (a) the (2,6)-band
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theory is an approximation to the 8-band theory191 and (b) the energy dependence

of the (2,6)-band Hamiltonians means that single-particle states of different principal

quantum number n but equal symmetry are not exactly orthogonal.

We follow Ref. 202 and make the simplifying assumption that one constant cξ

applies over the entire QDH. From previous modelling of CdTe/CdSe QDHs we know

that Ev1 significantly affects Ee(h) but Eg3 does not (Fig. 4.5), so investigated the

effect of varying Ev1 and cξ on the 1s1/2 and 1S3/2 energies. Mathematica was used

to calculate 8-band states with code adapted from a program302 for CdS/HgS/CdS

QDQWs (results of which were published in Ref. 202). We varied Ev1 from 0.2 to

0.6 eV and cξ from -2 to 2.191 Not all values of cξ gave valid states; we found spurious

1s1/2 electron states at cξ = 0 and spurious 1S3/2 hole states at cξ ≈ 0.34. Such

states were identified by discontinuities in Ee(h) with respect to cξ and unphysical

radial functions that localised near r = a+as. Similar behaviour was reported for 8-

band calculations on QDQWs202 where cξ = 0 produced spurious electron solutions

characterised by probability density localised around the outer QDH boundary.

For thin shells Ee(h) strongly depends on cξ, and as as increases this dependence

weakens and they become more dependent on Ev1. This behaviour is related to the

type-II band alignment; as as increases the electron and hole become more localised

in the shell and core respectively and their energies become more dependent on

Ev1. The influence of cξ decreases as as increases and the heterointerfaces move

apart because ξ only gives a non-zero contribution to the 8-band Hamiltonian at

the material boundaries191 so is an important parameter for calculating the energy

levels of core-shell QDHs with thin shells.

To investigate the effect of varying Ev1 and cξ on the fit of the model to the

absorption data221 we calculated Sres for the 1s1/21S3/2 absorption wavelengths as a

function of cξ and Ev1. Sres is the total of the squared residuals for the wavelengths of

the five NC sizes measured in Ref. 221. Wavelengths were calculated for cξ = −2 to
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Figure 6.1: Plot of Sres for the lowest absorption features measured for CdTe/CdSe NCs221

and 1s1/21S3/2 wavelengths calculated with the 8-band theory using (a) the single-particle
gap and (b) including the Coulomb interaction in first order perturbation theory. Grey
areas represent regions for which the 1P3/2 level is predicted to be the hole ground state.

2 and Ev1 = 0.2 to 0.6 eV using the single-particle gap only (Fig. 6.1(a)), and over a

smaller range of values including the Coulomb interaction in first order perturbation

theory (Fig. 6.1(b)). The spike at cξ = 0 in Fig. 6.1(a) is due to the discontinuity

in the 1s1/2 energy arising from the symmetrised Hamiltonian. When the Coulomb

interaction was included we found the minimum value of Sres at Ev1 = 0.322 eV and

cξ = −1.3. The 1S3/2 and 1P3/2 levels are close in energy for most of the (Ev1,cξ)-

space and cross at cξ ≈ 0.3, giving the 1P3/2 state as the ground state over those

regions of Fig. 6.1(a) coloured grey. Therefore unfortunately the cξ and Ev1 values

which best fit the experimental data also incorrectly predict the hole ground state

to be 1P3/2.

To avoid the problems outlined above in connection with correct choice of mate-

rial and disymmetry parameters in the 8-band theory we therefore use the (2,6)-band

theory.

We slightly modify Eqns. 3.58 and 3.59 to explicitly include all relevant quantum

numbers:176

Ψe
j,m,p,n(r) =

∑
µ

F c;j,m,p,n
1
2
,µ

(r)uc1
2
,µ
, (6.6) Ψh

j,m,p,n(r) =
∑
J,µ

F v;j,m,p,n
J,µ (r)uvJ,µ (6.7)
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where

F c;j,m,p,n
1
2
,µ

(r) =

j+1/2∑
l=j−1/2

l∑
λ=−l

Cj,m
1/2,µ;l,λR

c;j,p,n
1/2,l (r)Yl,λ(θ, φ), (6.8)

F v;j,m,p,n
J,µ (r) = fJ(µ)

j+J∑
l=|j−J |

l∑
λ=−l

Cj,m
J,µ;l,λR

v;j,p,n
J,l (r)Yl,λ(θ, φ) (6.9)

To construct exciton states we wish to couple states in terms of angular momenta,

rather than parity. Therefore if 〈r|jmpn〉 = Ψj,m,p,n(r), for the purpose of con-

structing exciton wavefunctions we define new states |nljm〉 where l = j − p/2 for

electrons and l = min(j + p/2, |j − 3p/2|) for holes.

6.4 (2,6)-band CI calculations

Up to now numerical integrals in perturbative calculations were performed with

the Mathematica function NIntegrate which is a general numerical integrator.201

However compiled languages such as C and Fortran run faster than Mathematica

because the user specifies the type of each variable.201 As a result they are more

widely used for numerically intensive modelling whilst Mathematica is primarily

used for symbolic computation.

6.4.1 Single-particle states

The energy dependence of Ĥe(h) means that wavefunctions of states of equal symme-

try but different ordinal number are not orthogonal. Using these Hamiltonians would

give non-orthogonal basis sets with the increased computational cost of calculating

many overlap integrals, particularly for the far more numerous hole states. To make

the calculations more tractable we substitute constant energies ε
e(h)
0 into the electron

(hole) Hamiltonian191 to give orthonormal eigenstates. Since we are mainly inter-
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ested in low-lying exciton states we use the 1S3/2 energy from the energy-dependent

calculation for Ĥh and the 1s1/2 energy from the energy-dependent calculation for

Ĥe. Using orthonormal single-particle states means
∑

β cβ = 1 for the coefficients

in Eqn. 6.3.

6.4.1.1 Effect of precision on eigenenergy calculation

Single-particle states are found by solving Fz,e(h) = 0 for the electron (hole) as de-

scribed in Section 3.2.2.2. We converted the Mathematica code for calculation of

Fz,e(h) to Fortran 90 and wrote code in both double precision (DP) and quadru-

ple precision (QP). Modules fzmat d.f90 and fzmat q.f90 were written to allow

calculation of Fz,e(h) in DP and QP respectively. fzmat d.f90 calls the LAPACK

routine DGETRF to calculate the determinant, whilst fzmat q.f90 calls a QP version

called QGETRF (see Appendix D.1.1.1).

Figure 6.2 shows plots of Fz,h against energy for p = 1 hole states with j = 17
2

,

j = 19
2

and j = 21
2

calculated using fzmat d.f90 and fzmat q.f90 (first and second

columns) alongside the logarithm of the condition number C of the matrix M (third

column), where Fz,h = det(M).

Figure 6.2 shows that as j increases, Fz,h calculated using the DP code has

regions in which it oscillates between large positive and negative values. Since the

eigenenergy calculations rely on solving Fz,h(E) = 0 by means of a sign change this

makes identification of the correct eigenenergies problematic. The same calculation

implemented in QP exhibits this behaviour to a much smaller extent, only becoming

noticeable for j = 21
2

(Fig. 6.2(c)). This indicates oscillations are caused by precision

loss when calculating Fz,h, despite the use of premultiplier functions (see Section

3.2.2.1). To test this, we calculate the condition number C of the matrix M as a

function of energy for the three states (Figure 6.2, third column). The condition

number of A measures the transfer of error from the matrix A and the vector b to
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Figure 6.2: The first two columns show Fz,h versus energy for p = 1 hole states in an
a = 1.95 nm, as = 2 nm CdTe/CdSe QDH with (a) j = 17

2 , (b) j = 19
2 and (c) j = 21

2
showing the effect of using different precision Fortran code. The logarithm of the condition
number of M is shown in the third column.

the solution x when solving a linear system Ax = b.303 The third column of Fig.

6.2 shows that regions in which Fz,h oscillates coincide with peaks in C because this

is where the precision loss is worst. As a rule of thumb if the condition number

of a system is C then you can expect a loss of roughly log10(C) decimal places of

precision in the solution.303 This is consistent with Fig. 6.2 because the DP code

keeps ∼ 15 decimals compared to ∼ 33 for QP and the worst areas of oscillations



6.4 (2,6)-band CI calculations 167

appear when log10(C) > 15.

6.4.1.2 Calculation of basis states

As a result of the above considerations we developed DP and QP code for the cal-

culation and storage of basis states; the module structure is shown in Fig. 6.3. The

 file read

 Fortran dependency

file write

precision.f90

sphbesselfns_q.f90 dispersion_q.f90

fzmat_q.f90

hwfn_q.f90

hbasis1.f90

hole  `level’  files

precision.f90

sphbesselfns_d.f90 dispersion_d.f90

fzmat_d.f90

hwfn_d.f90

hbasis2.f90

hole  `state’  files

(a)                       quadruple precision                                    (b)                double precision

lapack_q.f90

Figure 6.3: Schematic representation of (a) QP and (b) DP Fortran modules used to
calculate hole basis states and store them to file.

QP code (Fig. 6.3(a)) is for calculation of energy eigenstates and the corresponding

wavefunction coefficients which are written to file (the hole ‘level’ files). For example

a hole level characterised by energy Eh, orbital angular momentum l, total angular

momentum j and expansion coefficients C2, C3, C4, ...Ce2, Ce3, Ce4 would be written

to file as Eh, l, j, C2, C3, C4, ...Ce2, Ce3, Ce4.

The DP code (Fig. 6.3(b)) reads the coefficients and energies written to the hole

level files and performs numerical integration to find the normalisation constants.

These, along with the previously calculated energies and coefficients are written to
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the hole ‘state’ files. We take this approach because the numerical integration is

computationally intensive, and QP code can run around ten times slower than DP

code. Further description of the modules in Fig. 6.3 can be found in Appendix

D.1.1.

6.4.1.3 Effect of constant energy Hamiltonians

Using constant values of the energy ε in Ĥe and Ĥh means that single-particle

eigenstates differ in energy from those of the energy-dependent Hamiltonians for

n > 1, so calculations using these bases are not ‘exact’. This should be acceptable

because we are interested in trends of exciton states in these QDHs arising from

correlation rather than quantitatively exact results. We can compare energies from

the two methods to assess the size of the effect as a function of a and as. The

differences are greatest for small QDHs, and larger for electrons due to the stronger

energy dependence of Ĥe compared to Ĥh.

Figure 6.4 shows the eigenspectrum of an a = 1.95 nm, as = 2 nm CdTe/CdSe

QDH generated with the QP code in Fig. 6.3 (constant energy Hamiltonians) in red

and its equivalent for the energy-dependent Hamiltonians in black.

In Fig. 6.4(a) the cluster of lines around 1.5 eV for j ≥ 21
2

is due to precision loss

in calculation of Fz,e for low energies which leads to oscillatory behaviour similar to

that seen in Fig. 6.2. These oscillations cause Fz,e to change sign at these energies

and the Fortran root-finding subroutine to identify them as eigenstates. Clearly

these are not valid eigenstates since electron quantisation energy increases with j so

are eliminated before the electron basis states are stored. A similar effect is seen for

the holes (Fig. 6.4(b)) for j ≥ 21
2

which shows how the oscillatory behaviour of Fz,h

seen in Fig 6.2(c) starts to produce ‘spurious’ states at Eh & −0.5 eV, as well as

deeper within the VB. This behaviour particularly affects the regions around -400,

-820 and -953 meV (see Section 6.4.1.1). Therefore due to the VB structure it is
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Figure 6.4: Positive parity eigenenergies against j calculated using QP Fortran code for
(a) the electron and (b) the hole in an a = 1.95 nm, as = 2 nm CdTe/CdSe QDH.

problematic to eliminate these ‘spurious’ states, and in this case we would have to

truncate the basis at j = 19
2

(dashed line in Fig 6.4(b)).

From these and other calculations we find that it is generally possible to calculate

all the confined electron states. However since the degree of precision loss for Fz,h

at a given j depends on the QDH dimensions we only calculate hole states up to

j = 15
2

. The effects of truncating the basis with respect to j are considered later.

6.4.1.4 Single-Particle Hamiltonians

Matrix elements of the single-particle Hamiltonian Ĥe in the EHP state basis are:

〈n′el′ej′en′hl′hj′h;MMz|Ĥe|nelejenhlhjh;MMz〉

=
∑
me,mh

CM,Mz∗
j′e,me;j

′
h,mh

CM,Mz

je,me;jh,mh
δnh,n′hδlh,l′hδjh,j′hδne,n′eδle,l′eδje,j′eEne,le,je (6.10)

with a similar result for Ĥh. Equation 6.10 is implemented in the main program

exciton.f90 (see Appendix D.1.2.2).
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6.4.2 Exciton states

6.4.2.1 Interparticle Coulomb Interaction

To model the Coulomb interaction we use the numerical BP model217 (see Section

3.2.3). If the electron and hole are at polar coordinates (re, θe, φe) and (rh, θh, φh)

the angle γeh between them is given by

cos γeh = cos θe cos θh + sin θe sin θh cos(φe − φh). (6.11)

Using the Addition Theorem of Spherical Harmonics290 Eqn. 3.70 can be written

Vc(re, rh) =
−e2

ε0

∞∑
l=0

l∑
M=−l

Y ∗l,M(θe, φe)Yl,M(θh, φh)Vl(re, rh) (6.12)

where Vl(re, rh) =
Fim,l(re, rh)

(2l + 1)εm(1− pm,lqm,l)
. (6.13)

The function Fim,l and the coefficients pm,l and qm,l are defined in Ref. 217. We

want to calculate matrix elements of Vc in the EHP basis:

〈n′el′ej′en′hl′hj′h;MMz|Vc|nelejenhlhjh;MMz〉

=
∑

m′e,m
′
h,me,mh

CM,Mz∗
j′e,m

′
e;j
′
h,m

′
h
CM,Mz

je,me;jh,mh
〈n′hl′hj′hm′h|〈n′el′ej′em′e|Vc|nelejeme〉|nhlhjhmh〉

=
∑
me,mh

CM,Mz∗
j′e,me;j

′
h,mh

CM,Mz

je,me;jh,mh
〈n′hl′hj′hmh|〈n′el′ej′eme|Vc|nelejeme〉|nhlhjhmh〉 (6.14)
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First we calculate matrix elements in the single-particle basis 〈r|jmpn〉:

〈j′hmhp
′
hN
′|〈j′emep

′
en
′|Vc|jemepen〉|jhmhphN〉

=

∫ ∫
Ψh∗

j′h,mh,p
′
h,N

′Ψe∗

j′e,me,p
′
e,n
′VcΨ

h
jh,mh,ph,N

Ψe
je,me,pe,ndredrh

= −e
2

ε0

∞∑
l=0

l∑
M=l

∫ ∫
Ψh∗

j′h,mh,p
′
h,N

′Ψe∗

j′e,me,p
′
e,n
′Ψh

jh,mh,ph,N
Ψe
je,me,pe,nY

∗
l,MYl,MVldredrh

(6.15)

We write the volume elements in the electron and hole coordinates as dre = r2
edredΩe

and drh = r2
hdrhdΩh so the matrix element can be written as

−e
2

ε0

∞∑
l=0

l∑
M=−l

∫ ∫ ∫ ∫
Ψe∗

j′e,me,p
′
e,n
′Ψe

je,me,pe,nY
∗
l,MdΩe

Ψh∗

j′h,mh,p
′
h,N

′Ψh
jh,mh,ph,N

Yl,MdΩhVlr
2
edrer

2
hdrh (6.16)

The angular integrals can be considered separately because Vl has no angular de-

pendence, so we define

Iej′ep′en′jepenmeLM =

∫
Ψe∗

j′e,me,p
′
e,n
′Ψe

je,me,pe,nY
∗
L,MdΩe (6.17)

Ihj′hp′hN ′jhphNmhLM =

∫
Ψh∗

j′h,mh,p
′
h,N

′Ψh
jh,mh,ph,N

YL,MdΩh (6.18)

Each of these integrals yields a purely radial expression so can be expressed as

〈j′hmhp
′
hN
′|〈j′emep

′
en
′|Vc|jemepen〉|jhmhphN〉 (6.19)

= −e
2

ε0

∞∑
l=0

l∑
M=−l

∫ ∫
Iej′ep′en′jepenmelMI

h
j′hp
′
hN
′jhphNmhlMVlr

2
er

2
hdredrh

To find explicit forms of the radial integrands in the above expression for different

combinations of single-particle states we write I
e(h)
j′p′N ′jpNmLM in terms of the envelope
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functions. For example

Iej′ep′en′jepenmelM =

∫ 1/2∑
µ=−1/2

F
c;j′e,me,p

′
e,n
′∗

1/2,µ F c;je,me,pe,n
1/2,µ Y ∗l,MdΩe (6.20)

Substituting the definitions of the radial envelope functions we find after some al-

gebra and performing the angular integration

Iej′ep′en′jepenmelM =
∑

µ,l′e,λ
′
e,le,λe

C
j′e,m

∗
e

1
2
,µ,l′e,λ

′
e
Cje,me

1
2
,µ,le,λe

R
c;j′e,p

′
e,n
′∗

1/2,l′e
Rc;je,pe,n

1/2,le
(−1)λ

′
e+MG

l′e,le,L
−λ′e,λe,−M

(6.21)

where µ = −1
2
, 1

2
, le = je − 1

2
, ..., je + 1

2
and λe = −le, ....le. G is a Gaunt coefficient

that represents the integral of three spherical harmonics:

Gl1,l2,l3
m1,m2,m3

=

∫
Yl1,m1Yl2,m2Yl3,m3dΩ (6.22)

Similarly for the hole wavefunctions

Ihj′hp′hN ′jhphNmhlM =
∑

J,µ,l′h,λ
′
h,lh,λh

C
j′h,m

∗
h

J,µ,l′h,λ
′
h
Cjh,mh
J,µ,lh,λh

R
v;j′h,p

′
h,N

′∗

J,l′h
Rv;jh,ph,N
J,lh

(−1)λ
′
hG

l′h,lh,L

−λ′h,λh,M

(6.23)

where J = 1
2
, 3

2
, µ = −J, ..., J , lh = |jh − J |, ..., jh + J and λh = −lh, ..., lh. The use

of Eqns. 6.21 and 6.23 in conjunction with Eqn. 6.19 enables analytic expressions

to be found for the radial integrands for different combinations of electron and hole

single-particle states. If we denote general electron states as qje and qj′e and general

hole states as Qjh and Qj′h
the matrix element of Vc can be written

〈qjeQjh|Vc|qj′eQj′h
〉 =

∫ ∫
fc(re, rh)r

2
er

2
hdredrh. (6.24)
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Table 6.1: Table showing radial integrand expressions fc needed for calculating matrix
elements of the Coulomb term Vc in the single-particle basis between s and p electron
states and S and P hole states.

matrix element fc(re, rh)

〈s 1
2
S 1

2
|Vc|s 1

2
S 1

2
〉 1

4πR
+∗
c, 1

2

R+
c, 1

2

(R−∗
h2, 1

2

R−
h2, 1

2

+R−∗
s, 1

2

R−
s, 1

2

)V0

〈s 1
2
S 3

2
|Vc|s 1

2
S 3

2
〉 1

4πR
+∗
c, 1

2

R+
c, 1

2

(R+∗
h1, 3

2

R+
h1, 3

2

+R+∗
h2, 3

2

R+
h2, 3

2

+R+∗
s, 3

2

R+
s, 3

2

)V0

〈p 3
2
S 3

2
|Vc|p 3

2
S 3

2
〉 1

4πR
+∗
c, 3

2

R+
c, 3

2

(R+∗
h1, 3

2

R+
h1, 3

2

+R+∗
h2, 3

2

R+
h2, 3

2

+R+∗
s, 3

2

R+
s, 3

2

)V0

+ 1
20πR

+∗
c, 3

2

R+
c, 3

2

(R+∗
h2, 3

2

R+
h1, 3

2

+R+∗
h1, 3

2

R+
h2, 3

2

+R+∗
s, 3

2

R+
s, 3

2

)V2

〈p 3
2
P 3

2
|Vc|p 3

2
P 3

2
〉 1

4πR
+∗
c, 3

2

R+
c, 3

2

(R+∗
c, 3

2

R+
c, 3

2

+R−∗
h1, 3

2

R−
h1, 3

2

+R−∗
h2, 3

2

R−
h2, 3

2

+R−∗
s, 3

2

R−
s, 3

2

)V0

+ 1
20πR

+∗
c, 3

2

R+
c, 3

2

(−4
5R
−∗
h1, 3

2

R−
h1, 3

2

+ 3
5R
−∗
h2, 3

2

R−
h1, 3

2

+ 3
5R
−∗
h1, 3

2

R−
h2, 3

2

+4
5R
−∗
h2, 3

2

R−
h2, 3

2

+R−∗
s, 3

2

R−
s, 3

2

)V2

〈s 1
2
S 1

2
|Vc|p 1

2
P 1

2
〉 1

12πR
+∗
c, 1

2

R−
c, 1

2

(R−∗
h2, 1

2

R+
h1, 1

2

−R−∗
s, 1

2

R+
s, 1

2

)V0

〈s 1
2
S 1

2
|Vc|p 3

2
P 1

2
〉 − 1

12π

√
2R+∗

c, 1
2

R+
c, 3

2

(R−∗
h2, 1

2

R+
h1, 1

2

−R−∗
s, 1

2

R+
s, 1

2

)V1

〈s 1
2
S 1

2
|Vc|p 3

2
P 3

2
〉 1

60π

√
2R+∗

c, 1
2

R+
c, 3

2

(
√

5R−
h1, 3

2

R−∗
h2, 1

2

+ 3
√

5R−∗
h2, 1

2

R−
h2, 3

2

+ 5
√

2R−∗
s, 1

2

R−
s, 3

2

)V1

〈s 1
2
P 1

2
|Vc|p 3

2
S 3

2
〉 1

12

√
2R+∗

c, 1
2

R+
c, 3

2

(R+∗
h1, 1

2

(R+
h1, 3

2

+R+
h2, 3

2

) +
√

2R+∗
s, 1

2

R+
s, 3

2

)V1

〈s 1
2
P 1

2
|Vc|p 1

2
S 1

2
〉 1

12R
+∗
c, 1

2

R−
c, 1

2

(R+∗
h1, 1

2

R−
h2, 1

2

−R+∗
s, 1

2

R−
s, 1

2

)V1

〈s 1
2
P 1

2
|Vc|p 1

2
S 3

2
〉 − 1

12R
+∗
c, 1

2

R−
c, 1

2

(R+∗
h1, 1

2

(R+
h1, 3

2

+R+
h2, 3

2

) +
√

2R+∗
s, 1

2

R+
s, 3

2

)V1

Table 6.1 shows some of the resulting integrands in terms of the ER radial functions

and the Coulomb terms Vl (Eqn. 6.13) for s and p electron states and S and P hole

states. When the EHP states are equal the l = 0 term of Vc is always needed, and

when they are unequal higher terms are often invoked. The maximum range of l

terms invoked from the Coulomb potential (Eqn. 6.12) by a particular combination

of single-particle states can be found by considering the Gaunt coefficients.

This analytic approach reduces the dimensionality of the integral to be calculated

from six (in Eqn. 6.15) to two, thereby greatly reducing the computational demand.

Calculation of the Vc matrix elements (Eqn. 6.14) is implemented in VCelem.f90

(see Appendix D.1.2.1).
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6.4.2.2 Self-polarisation potential

Since Vs is only a function of r matrix elements 〈j′em′ep′en′|Vs|jemepen〉 follow the

same angular selection rules as 〈j′em′ep′en′|jemepen〉. The matrix element of Vs(re) in

the EHP basis is

〈n′el′ej′en′hl′hj′h;MMz|Vs(re)|nelejenhlhjh;MMz〉

=
∑

m′e,m
′
h,me,mh

CM,Mz∗
j′e,m

′
e;j
′
h,m

′
h
CM,Mz

je,me;jh,mh
〈n′hl′hj′hm′h|nhlhjhmh〉〈n′el′ej′em′e|Vs(re)|nelejeme〉

=
∑
me,mh

CM,Mz∗
j′e,me;j

′
h,mh

CM,Mz

je,me;jh,mh
〈n′el′ej′eme|Vs(re)|nelejeme〉δnh,n′hδlh,l′hδjh,j′h (6.25)

with a similar expression for Vs(rh). Equation 6.25 is implemented in the module

VSelem.f90.

6.4.2.3 Calculation of exciton states

The main steps for calculation of exciton states are: pre-calculation and storage of

single-particle states, calculation of matrix elements of Vc and Vs in the EHP basis

and finally diagonalisation of the Hamiltonian matrix. Figure 6.5 shows a schematic

representation of the Fortran modules used to calculate exciton states: exciton.f90

is the main program that calculates the matrix representation of HX (Eqn. 6.1).

Calculation of the Hamiltonian matrix is implemented in the function EXmat (see

Appendix D.1.2.2). Including ne electron states and nh hole states gives nenh EHP

states, and an nenh × nenh Hamiltonian matrix, meaning computation time varies

as n2
en

2
h. exciton.f90 uses VCelem.f90 and VSelem.f90 (Fig. 6.5), which facilitate

the calculation of matrix elements of Vc and Vs respectively. The calculation of the

matrix representing Vc is the most numerically intensive step because it involves

the calculation of many 2D integrals, whilst calculation of the Vs matrices involves

only 1D integrals. The evaluation of such integrals in real space is circumvented in
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precision.f90

sphbesselfns_d.f90 dispersion_d.f90

fzmat_d.f90

hwfn_d.f90 ewfn_d.f90

VCelem.f90 VSelem.f90

VCpotentials.f90

exciton.f90

integrands.f90sphharmonics.f90

excprob.f90

BP coefficient 
        files

Vs table files

Fortran dependency

file read
file write

}
output files

electron and hole 
       state files

CGcoeffs.f90

Figure 6.5: Fortran modules and their dependencies used to calculate exciton states; the
main program is exciton.f90. Modules used for single-particle calculations are shown in
grey.

more sophisticated PW based CI calculations since quantities such as dipole matrix

elements and Coulomb integrals can be expressed in terms of coefficients of the PW

expansion.207

6.4.2.4 Configuration Interaction Schemes

For a general exciton state |Ψx
M,Mz〉 there are many possible combinations of single-

particle states |nljm〉 that should be summed over in Eqn. 6.4; these can be reduced

by considering the states that can be coupled for specific cases. CM,Mz
je,me,jh,mh

6= 0 only

if |je − jh| ≤ M ≤ je + jh, |M − je| ≤ jh ≤ M + je and |M − jh| ≤ je ≤ M + jh

(the triangle inequalities) and me +mh = M . For optically active M = 1 states this

means |je − jh| ≤ 1. If we assume Mz = 1, then me +mh = 1; in the absence of an

external field this can be assumed without loss of generality since exciton states are

degenerate in Mz and the Coulomb interaction is diagonal in M and Mz. Finally
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we assume that incident light is polarised parallel to the z-axis so only EHPs with

me = mh = 1
2

are excited.

These assumptions still leave a large number of possible basis states to calculate

matrix elements for, since we must expand |nelejenhlhjh;M,Mz〉 over different ordi-

nal quantum numbers and level symmetries. To investigate the relative importance

of different states we calculate the EX as a function of the number of states in the

EHP basis. We calculate all electron QSLs and hole QSLs up to j = 15
2

in a full

configuration interaction (FCI) scheme. It is a ‘full’ calculation in the sense that

all Coulomb couplings between the QSLs described in Section 6.4.2 are included,

although the hole basis is truncated at j = 15
2

(see page 169). Figure 6.6(a) shows

the electron and hole states used in the FCI calculation for an a = 2 nm, as = 0.5

nm CdTe/CdSe QDH. All confined electron states and hole states up to 1.2 eV be-

low the CdTe VBM are shown. Figure 6.6(b) shows the 1s1/21S3/2 energy EFCI
X as a

Figure 6.6: (a) All of the electron QSLs and some of the hole QSLs for an a = 2 nm,
as = 0.5 nm CdTe/CdSe QDH. In the FCI calculation we include hole states up to j = 15

2
(indicated by dotted line). (b) The exciton energy EFCI

X as a function of nFCI
e and nFCI

h

for the same QDH. The positions of the basis states corresponding to the 2s1/2, 2S3/2 and
3S3/2 states are labelled with arrows.

function of the number of electron states nFCI
e and hole states nFCI

h included in the

calculation; we see that EFCI
X changes in steps with the addition of extra states to
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the basis, falling from its first order perturbation theory value of 1866.36 meV to

1856.13 meV when nFCI
e = nFCI

h = 30. Figure 6.6(b) shows that EFCI
X changes most

at certain values of nFCI
e and nFCI

h , specifically nFCI
e = 7, nFCI

h = 5 and nFCI
h = 15.

Because electron and hole levels are ordered by energy, Fig. 6.6(a) shows that the

seventh electron state in the FCI basis is the 2s1/2 state, whilst the fifth and fifteenth

hole states are the 2S3/2 and 3S3/2 states; these are labelled by arrows in Fig. 6.6(b).

This suggests that the 1s1/21S3/2 exciton (and by extension the 1s1/22S3/2 and

1s1/23S3/2 exciton) is composed mainly of s1/2S3/2 EHPs. This is confirmed by

inspection of the EXeign.dat files (see Appendix D.1.2.2) which show the cβ values

corresponding to these pair states are much larger than those of other combinations.

This is not surprising if we consider the form of the radial integrand expressions

coupling EHPs of different symmetry. Appendix D.2.1 gives explicit expressions for

the integrand expressions for electron (hole) states of s and p (S and P ) symmetry,

showing that EHP states most strongly couple to other states of equal symmetry.

This due to the larger size of the diagonal elements in the submatrices m1, m4

and m6 compared to the off-diagonal elements in submatrices m2, m3, m5 and

m6 (Eqns D.6-D.11). The larger denominators in the expressions for off-diagonal

elements arise from the Clebsch-Gordan coefficients in the expressions for Ψe
j,m,p,n

and Ψh
j,m,p,n (Eqns. 6.6 to 6.9). We also note that the factor of 2l + 1 that enters

the expression for Vl (Eqn. 6.13) further reduces the size of couplings between EHP

states of different symmetry .

In light of these results we developed a decoupled configuration interaction (DCI)

scheme in which the electron and hole bases consist solely of s1/2 and S3/2 states

respectively. The Fortran code used for the calculation of FCI bases and perform-

ing the matrix diagonalisation was modified accordingly. In the DCI scheme the

calculation represented in Fig. 6.6(b) is replaced by one that includes two electron

states and three hole states, i.e. nDCI
e = 2 and nDCI

h = 3. The FCI calculation gave
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EFCI
X = 1856.13 meV and 2055.88 meV for the 1s1/21S3/2 and 1s1/22S3/2 excitons

respectively, while the DCI calculation gave EDCI
X = 1856.997 meV and 2057.291

meV.

We denote the number of electron (hole) states in the largest basis sets considered

nFCI
e(h),max in the FCI scheme and nDCI

e(h),max in the DCI scheme, so the calculation

represented in Fig. 6.7(a) has nFCI
e,max = nFCI

h,max = 30. Figure 6.7 shows the difference

in exciton energies from the FCI and DCI calculations as a function of as for four core

sizes. The FCI calculation took into account the first twenty electron and hole states

(i.e. nFCI
e,max = nFCI

h,max = 20), while the DCI calculation took into account the number

needed to reach the energies in the CB (VB) corresponding to nFCI
e(h),max = 20. Figure

Figure 6.7: (a) The difference between the FCI and DCI 1s1/21S3/2 exciton energies

calculated with the nFCI
e,max = nFCI

h,max = 20 basis for a = 1, 2, 3 and 4 nm CdTe/CdSe
QDHs; (b) and (c) show the same for the 1s1/22S3/2 and 1s1/23S3/2 excitons and share
the same vertical scale. Lines are guides for the eye.

6.7 shows that the energy difference is less than 1 meV for the ground state exciton,

and grows with decreasing as. Figure 6.7(b) and (c) show that the differences are

greater for the 1s1/22S3/2 and 1s1/23S3/2 excitons, but still of the order of a few

meV. The line representing a = 1 nm in Fig. 6.7(c) does not go to as = 0 because

the number of electron basis states falls below twenty. These calculations show that

the DCI and FCI energies agree to within a few meV up to the first 400 EHP states

of the FCI basis.
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The main advantage of the DCI scheme is that relatively unimportant QSLs

are discarded, reducing the computational cost of including states up to a certain

energy in the CB or VB. Since including ne(h),max electron (hole) states gives a

ne,maxnh,max × ne,maxnh,max Hamiltonian matrix, the amount of CPU time varies

approximately as n2
e,maxn

2
h,max (Fig. 6.8). For example the FCI calculation in Fig.

Figure 6.8: (a) CPU time as a function of basis size in the DCI calculation scheme. (b)
CPU time as a function of basis size in the FCI scheme. These benchmarking calculations
correspond to serial execution of the Fortran code.

6.6(b) took approximately 90 hours of CPU time, compared to 10 s for the DCI

calculation. The latter approach makes the calculation tractable for a large number

of QDH designs, allowing us to ‘map’ exciton properties across the (a, as)-space in

a similar way to the calculations of Chapter 4.

Since we use a finite potential well for the external medium, in the DCI scheme

all electron and hole QSLs can be included in the calculation, so our results are

converged within this framework. We define the shift in exciton energy due to the

inclusion of correlation as

∆EX = EDCI
X − EX (6.26)

where EX is the first order perturbation energy (Eqn. 3.68).
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6.4.2.5 Excitation probabilities

The probability of excitation from the ground state to the exciton state |Ψx
M,Mz
〉 is

proportional to the square of the appropriate momentum matrix element:304

P x
t = |〈0| e.ph

P (rh)
|Ψx

M,Mz
〉|2 (6.27)

Substituting for |Ψx
M,Mz
〉 from Eqn. 6.3 gives

P x
t = |

∑
β

cβ〈0|
e.ph
P (rh)

|nelejenhlhjh;M,Mz〉|2 (6.28)

Each term of Eqn. 6.28 must obey the selection rules of electric dipole transitions

(see Section 4.3.2) and momentum matrix elements of the uncorrelated states were

calculated using226

|
∫ ∫

δ(re − rh)Ψ
e∗
j,m,p,n(re)

e.ph
P (rh)

Ψh
j′,m′,p′,n′(rh)dredrh|2 = |

∫
f(r)r2dr|2 (6.29)

where f(r) represents the radial integrand resulting from performing the angular in-

tegrations. For FCI calculations Eqn. 6.29 must be evaluated for many combinations

of electron and hole symmetries; Mathematica was used to do this systematically.

Table D.2, Appendix D.2.2 shows explicit forms for f(r) for electrons states up to

f5/2 and hole states up to D5/2, assuming me = mh = 1
2
; these expressions were

stored in the Fortran module excprob.f90.

In the DCI scheme, to assess the effect of correlation, we define a shift in exci-

tation probability

∆Pt = P x
t − Pt (6.30)

where Pt = P 1
2
, 1
2

is the probability from first order perturbation theory given by

Eqn. 4.2 when m = m′ = 1
2

and j = 1/2 and j′ = 3/2.
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6.4.2.6 Carrier densities in the correlated exciton

To visualise how the electron and hole densities change due to correlation, we can

use the calculated exciton states to plot carrier densities. For the electron its charge

density is defined as215

ne(v) = 〈Ψx
M,Mz
|δ(v − re)|Ψx

M,Mz
〉. (6.31)

Using Eqns. 6.3 and 6.4 for the exciton wavefunction, we find

ne(v) =
∑

β,β′,m′e,me,mh

c∗β′cβC
M,M∗z
j′e,m

′
e,j
′
h,mh

CM,Mz

je,me,jh,mh

〈n′el′ej′em′e|δ(v − re)|nelejeme〉δn′h,nhδl′h,lhδj′h,jhδm′h,mh (6.32)

with a similar expression for the hole. Carrier densities are calculated in post-

processing of the CI results, using the expansion coefficients cβ written to the output

files. In the DCI scheme for s1/2S3/2 excitons with M = Mz = 1

ne(v) =
1

4

∑
β,β′

c∗β′cβδn′h,nhΨe∗
1
2
, 1
2
,1,n′e

(v)Ψe
1
2
, 1
2
,1,ne

(v), (6.33)

nh(v) =
1

4

∑
β,β′

c∗β′cβδn′e,neΨ
h∗
3
2
, 1
2
,1,n′h

(v)Ψh
3
2
, 1
2
,1,nh

(v) (6.34)

where β labels the s1/2S3/2 EHP states. Integrating ne(r) over all space gives

∫
ne(r)dr =

1

4

∫ ∑
β′,β

c∗β′cβδn′h,nhR
+∗
c,j′e
R+
c,je
r2dr (6.35)

so we can define a radial probability density (RPD) as

ρxe(r) =
1

4

∑
β′,β

c∗β′cβδn′h,nhR
+∗

c,j′e
R+
c,je
r2. (6.36)
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Similarly we define a hole RPD as

ρxh(r) =
1

4

∑
β′,β

c∗β′cβδn′e,ne(R
+∗

h1,j′h
R+
h1,jh

+R+∗

h2,j′h
R+
h2,jh

+R+∗

s,j′h
R+
s,jh

)r2. (6.37)

We denote the corresponding single-particle densities as ρspe and ρsph . Calcula-

tion of ρe and ρh is implemented in the auxiliary programs eradprob.f90 and

hradprob.f90.

6.5 Numerical results and discussion

We would like to acknowledge the use of the University of Oxford Advanced Research

Computing (ARC) facility in obtaining the results in this section.

6.5.1 Absorption wavelengths

The DCI scheme was implemented for CdTe/CdSe and CdSe/CdTe QDHs using

the (2,6)-band parameters of Table 4.4. Figure 6.9 shows 1s1/2nS3/2 (n = 1, 2, 3)

exciton absorption wavelengths for CdTe/CdSe and CdSe/CdTe QDHs calculated

using the constant energy Hamiltonians. The first and third columns show first

order perturbation theory results, demonstrating that using constant energies in

Ĥe(h) gives very similar wavelengths to those from the original calculations (Fig.

4.12, second and fourth columns).

The second and fourth columns of Fig. 6.9 show wavelengths corresponding to

EDCI
X . For CdTe/CdSe QDHs the introduction of correlation leads to redshifts in

the exciton absorption to the left of the hole localisation boundaries, and which are

greatest in the upper left quasi-type-II regimes. For the 1s1/21S3/2 and 1s1/22S3/2

states these redshifts are ∼ 6 nm (Fig. 6.9(a), (b)), whilst for the 1s1/23S3/2 exciton

it is up to ∼ 30 nm, shown by the change in shape of the constant wavelength



6.5 Numerical results and discussion 183

Figure 6.9: Absorption wavelengths for 1s1/2nS3/2 excitons in CdTe/CdSe and CdSe/CdTe
QDHs; (a), (b) and (c) correspond to n = 1, 2 and 3 respectively. The first and third
columns show first order perturbation theory results using constant energy Hamiltonians,
while the second and fourth columns show the results of the DCI calculations. Electron
(hole) localisation boundaries are shown as dashed black (red) lines.

contours (Fig. 6.9(c)).

In the CdSe/CdTe QDHs correlation causes redshifts in the absorptions below the

hole localisation boundaries, and are most clearly seen in the lower right quasi-type-

II regimes. The changes are most noticeable for the 1s1/23S3/2 exciton (Fig. 6.9(c))

for which the wavelength contours straighten upon the introduction of correlation.

All the exciton redshifts are of the order 5 nm for the CdSe/CdTe excitons.

To investigate the effects of correlation in the QDHs we can compare the results

of our DCI calculations with first order perturbation theory for properties such as

the exciton energy, excitation probability and probability density.
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6.5.2 Exciton energy shifts

To investigate the effect of dielectric mismatch we performed calculations using

different constants for the core, shell and matrix (εCdTe = 7.1 (Ref. 219), εCdSe = 6.2

(Ref. 220) and ε3 = 2) and the uniform dielectric constant ε = 6.65. In the latter

case the Coulomb interaction reduces to the interparticle term only, allowing us

separate the effects of interparticle Coulomb attraction and the self-polarisation

potential.

Figure 6.10 shows ∆EX (Eqn. 6.26) for 1s1/2nS3/2 (n = 1, 2, 3) excitons in

CdTe/CdSe and CdSe/CdTe QDHs. The first and third columns show shifts for ε =

6.65, and the second and fourth columns show the shifts in the presence of dielectric

mismatch; the main effect of dielectric confinement is to increase the energy shifts

in most localisation regimes for both QDHs. Shifts of the 1s1/21S3/2 and 1s1/22S3/2

excitons (Fig. 6.10(a),(b)) are shown on a different scale to the 1s1/23S3/2 exciton

(Fig. 6.10(c)) for clarity. The CdTe/CdSe QDH 1s1/23S3/2 exciton undergoes the

largest energy shift of the considered excitons, reaching almost 150 meV.

Areas of significant energy shift roughly coincide with areas of high excitation

probability Pt for the corresponding uncorrelated EHPs (second and fourth columns

of Fig. 4.8). This expected since electron-hole correlation should be enhanced when

wavefunction overlap is high and the interparticle Coulomb matrix elements are

increased. In the type-II regimes ∆EX is mainly small because the spatial separation

of the electron and hole (induced by the type-II band alignment) override attractive

Coulomb correlations, so the excitons are closer to the uncorrelated EHPs. Although

high ∆EX regions partly overlap with the type-II regions (e.g. in CdTe/CdSe QDHs,

Fig. 6.10(c)) the trend is for ∆EX → 0 in the type-II localisation limit.
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Figure 6.10: Exciton energy shifts ∆EX (Eqn. 6.26) for 1s1/2nS3/2 excitons in CdTe/CdSe
and CdSe/CdTe QDHs; rows (a), (b) and (c) correspond to n = 1, 2 and 3. The first and
third columns show ∆EX for QDHs with ε = 6.65, whilst the second and fourth columns
show ∆EX in the presence of dielectric mismatch. Electron (hole) localisation boundaries
are shown as blue (red) lines.

6.5.3 Correlated exciton states

To understand the origin of the energy shifts ∆EX in Fig. 6.10 we calculated RPDs

and the coefficients β for the 1s1/2nS3/2 (n = 1, 2, 3) excitons.

6.5.3.1 1s1/21S3/2 exciton

Figure 6.11(a) shows ∆EX along (i) l1 and (ii) l2 in Fig. 6.10(a) for CdTe/CdSe

QDHs. In this and following plots squares represent DCI calculation results and

dashed lines are guides for the eye. In both cases ∆EX has a minimum as a function



6.5 Numerical results and discussion 186

of as which is deeper when ε = 6.65. (Fig. 6.11(a)(i)). This minimum is due to the

competing effects of correlation (which tends to reduce the electron-hole separation)

Figure 6.11: (a) ∆EX along (i) l1 and (ii) l2 in Fig. 6.10(a). The first and second row of (b)
show RPDs for as = 2 nm CdTe/CdSe QDHs (with a = 0.5, 1 and 1.5 nm) for uniform and
non-uniform dielectric constants respectively. Insets are barcharts representing the exciton
wavefunction coefficients |cβ|2 and vertical grey lines represent material boundaries.

and the type-II confinement profile which separates the carriers as as increases.

We plot RPDs in Fig. 6.11(b); the first, second and third columns show densities

for as = 2 nm QDHs with a = 0.5, 1 and 1.5 nm respectively. Insets are barcharts

representing wavefunction coefficients |cβ|2. When ε = 6.65 shifts due to the in-

terparticle Coulomb interaction are relatively small (Fig. 6.11(b)(i)-(iii)). When

a = 0.5 nm the carriers move towards the core (Fig. 6.11(b)(i)). As a increases

and the hole localises in the core ρxh → ρsph because it is effectively confined in a fi-

nite potential well of radius a and the confinement energy outweighs the correlation

energy. However the electron is pulled towards the core localised hole.

Figure 6.11(a)(ii) shows that dielectric mismatch increases the magnitude of

∆EX and shifts RPD away from the surface (Fig. 6.11(b)(iv)-(vi)) due to repulsion

by the large peak in Vs(r) at r = a+as (Fig. 3.12(a)). The electron is affected more
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because it localises in the shell. The wavefunction Ψx
1,1 gains 2s1/21S3/2 character,

shown by the bar representing the 2s1/21S3/2 EHP in the insets of Fig. 6.11(b)(iv)-

(vi) at β = 20, 22 and 25 for a = 0.5, 1 and 1.5 nm respectively. The hole is only

significantly affected by Vs(r) when it is delocalised, so |∆EX | is largest to the left

of the hole localisation boundary in Fig. 6.10(a) and Fig. 6.11(a).

Figure 6.12(a) shows ∆EX along (i) l3 and (ii) l4 in Fig. 6.10(a) for the CdSe/CdTe

QDH. ∆EX goes through a minimum as a function of as (Fig. 6.11(a)), with ∆EX

Figure 6.12: (a) ∆EX along (i) l3 and (ii) l4 in Fig. 6.10(a). The first and second row of (b)
show RPDs for a = 3.5 nm CdSe/CdTe QDHs (with as = 0, 0.5 and 1 nm) for uniform and
non-uniform dielectric constants respectively. Insets are barcharts representing the exciton
wavefunction coefficients |cβ|2 and vertical grey lines represent material boundaries.

at as = 0.5 nm being more than quadrupled in magnitude by dielectric mismatch.

When ε = 6.65, the magnitude of ∆EX is only large to the left of the hole localisation

boundary (Fig. 6.12(a)(i)) meaning the hole must be delocalised for correlation to be

important. A similar trend is seen for the dielectric mismatch case (Fig. 6.12(a)(ii)),

although ∆EX does not change abuptly at the localisation boundary.

Figure 6.12(b)(i)-(iii) show RPDs for QDHs with a = 3.5 nm and as = 0, 0.5 and
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1 nm when ε = 6.65. The first case corresponds to a CdSe QD, and we see that both

carriers move towards the centre under the influence of the attractive interparticle

Coulomb interaction (Fig. 6.12(b)(i)). This is consistent with the radial probability

densities from matrix diagonalisation calculations by Hu et al.305 for QDs. In the

as = 0.5 nm QDH, the single-particle hole starts to localise in the shell (dashed red

line in Fig. 6.12(b)(ii)); including the Coulomb interaction causes it to be pulled

towards the electron. This is mainly caused by the addition of the 1s1/22S3/2 EHP

to Ψx
1,1 (inset of Fig. 6.12(b)(ii)). Increasing as to 1 nm allows the hole to fully

localise in the shell and the electron in the core, so ρxe(h) ' ρspe(h) (Fig. 6.12(b)(iii)).

Again, ∆EX is only non-zero when the hole is delocalised because once it localises

in the shell spatial confinement by the VBM overrides the interparticle Coulomb

attraction.

Including dielectric mismatch shifts the RPDs away from the surface (Fig.

6.12(b)(iv)-(vi)). For the CdSe QD this is due to an increase in 2s1/21S3/2 char-

acter, corresponding to the β = 26 EHP (Fig. 6.12(b)(iv) inset). When as = 0.5

nm dielectric confinement causes a further increase in 1s1/22S3/2 character, so the

wavefunction Ψx
1,1 is an almost equal superposition of the 1s1/21S3/2 and 1s1/22S3/2

states, with c1 = −0.673 and c2 = −0.674 (Fig. 6.12(b)(v), inset). When as = 1 nm

the carriers are in the type-II localisation regime, and dielectric confinement causes

a slight shift of ρxe(h) towards r = 0 (Fig. 6.12(b)(vi)). Therefore once the hole is

shell localised confinement by the VBM overrides repulsion by the peak in Vs(r).

There is also a region of non-zero ∆EX in the upper left quasi-type-II regime

(Fig. 6.10(a)) corresponding to the shell localised hole and delocalised electron.

This arises from the delocalised electron since it occurs to the left of the electron

localisation boundary; once the electron localises in the core it is not affected by the

peak in Vs(r) at the QDH surface.
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6.5.3.2 1s1/22S3/2 exciton

Figure 6.13(a) shows ∆EX along (i) l5 and (ii) l6 in Fig. 6.10(b) for CdTe/CdSe

QDHs; |∆EX | is greatest when the hole is delocalised and tends to zero as it localises

Figure 6.13: (a) ∆EX along (i) l5 and (ii) l6 in Fig. 6.10(b). The first and second row of (b)
show RPDs for as = 2 nm CdTe/CdSe QDHs (with a = 1, 1.5 and 2 nm) for uniform and
non-uniform dielectric constants respectively. Insets are barcharts representing the exciton
wavefunction coefficients |cβ|2 and vertical grey lines represent material boundaries.

in the core. ∆EX is not a monotonic function of a left of the 1S3/2 localisation

boundary when ε = 6.65 (Fig. 6.13(a)(i)) or there is dielectric mismatch (Fig.

6.13(a)(ii)) because the amount of hole density in the core and shell is not monotonic

with respect to a. The inset of Fig. 6.13(a) shows the probability pc (Eqn. 4.5),

showing a local maximum at a = 0.6 nm (the 1S3/2 localisation boundary) and a

local minimum at a = 1 nm. Whilst these turning points do not exactly match

the positions of the corresponding turning points in ∆EX , we expect an increase in

pc to cause a decrease in the size of ∆EX because greater hole density in the core

means there is less overlap with the electron density in the shell and less correlation.

This explains the two regions of non-zero ∆EX in Fig. 6.10(b) (when ε = 6.65)

that roughly coincide with the high ps lobes in Fig. 4.9(b). Figure 6.13(b) shows
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RPDs for CdTe/CdSe QDHs with as = 2 nm and a = 1, 1.5 and 2 nm. ∆EX is

small in size because the exciton states are close to the 1s1/22S3/2 EHP state since

|c2|2 ' 1 (Fig. 6.13(b)(i)-(iii), insets). Dielectric mismatch greatly increases ∆EX

when the hole is delocalised (Fig. 6.13(a)(ii)), causing a shift of hole RPD away

from the QDH surface, and the mixing of 1s1/23S3/2 and 1s1/24S3/2 EHPs into Ψx
1,1

(Fig. 6.13(b)(iv) and (v)). When the hole localises in the core only the electron is

significantly affected by dielectric mismatch (Fig. 6.13(b)(vi)).

The introduction of dielectric mismatch also causes a small region of significant

energy shift in the lower right quasi-type-II regime (Fig. 6.10(b)), for a & 2 nm

and as . 0.5 nm due to repulsion of the delocalised electron from the Vs(r) peak at

r = a+ as.

Figure 6.14(a) shows ∆EX along (i) l7 and (ii) l8 in Fig. 6.10(b) for CdSe/CdTe

QDHs. When ε = 6.65 the size of ∆EX is greatest at the 1S3/2 localisation bound-

Figure 6.14: (a) ∆EX along (i) l7 and (ii) l8 in Fig. 6.10(b). The first and second row of (b)
show RPDs for a = 3.5 nm CdSe/CdTe QDHs (with as = 0, 0.5 and 1 nm) for uniform and
non-uniform dielectric constants respectively. Insets are barcharts representing the exciton
wavefunction coefficients |cβ|2 and vertical grey lines represent material boundaries.
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ary, and tends towards zero as as increases and the hole localises in the shell (Fig.

6.14(a)(i)). ∆EX also has a small local maximum near the 2S3/2 localisation bound-

ary, in the same place (as = 0.5 nm) where the probability ps (Eqn. 4.6) has a

maximum (Fig. 6.14(a)(i), inset). ps has a minimum at as = 0.6 nm, compared

to as = 0.75 nm for ∆EX , and the two curves have similar as-dependences. This

is because increased ps causes decreased overlap with the core localised electron,

so electron-hole correlation and ∆EX tends to zero. Figure 6.14(b) shows RPDs

for CdSe/CdTe QDHs with a = 3.5 nm and as = 0, 0.5 and 1 nm shells. Figure

6.14(b)(i)-(iii) shows that the interparticle Coulomb interaction mainly causes the

hole to move towards the core.

Introducing dielectric mismatch increases the magnitude of ∆EX to 36 meV for

as = 0.5 nm (Fig. 6.14(a)(ii)), making it more difficult for the hole to localise in the

shell. This is shown by Fig. 6.14(b)(iv)-(vi) in which the hole RPD moves towards

the core (compared to when ε = 6.65) due to mixing of 1s1/2nS3/2 (n = 1, 2, 3)

EHPs into Ψx
1,1. Figure 6.14(b)(vi) shows the competing effects of type-II band

profile, interparticle Coulomb attraction and self-polarisation potential lead to the

hole RPD being delocalised across the QDH with maxima in the core and shell.

When as is increased by another 0.5 nm the correlated RPDs are close to those of

the uncorrelated states.

The area of non-zero ∆EX in the upper left quasi-type-II regime (Fig. 6.10(b))

is again caused by dielectric confinement affecting the delocalised electron; this area

is equivalent to the a & 2 nm, as . 0.5 nm region in the lower right quasi-type-II

regime of the CdTe/CdSe QDH.

We also see that when the single-particle wavefunctions are in the type-II lo-

calisation regime the charge that localises in the outermost QDH region is affected

more by the interparticle Coulomb attraction, whilst the innermost charge carrier is
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barely affected. For example in the CdTe/CdSe QDH in Fig. 6.13(b)(iii) the elec-

tron is attracted towards the core, and in the CdSe/CdTe QDH of Fig. 6.14(b)(iii)

the hole is attracted towards the core. This behaviour arises from the fact that s1/2

electron states are spherically symmetric and S3/2 hole states are approximately

spherically symmetric (Fig. 4.14(b)). Gauss’s Law means that hole charge density

ρxh at some radius rh is not affected by electron density ρxe situated at r > rh. A

similar argument applies for electron density at some radius re, although the hole

density is not exactly spherically symmetric.

6.5.3.3 1s1/23S3/2 exciton

The 1s1/23S3/2 exciton is associated with the greatest energy shifts in both QDHs

(Fig. 6.10(c)): ∆EX reaches -146 meV in the CdTe/CdSe QDH and -52 meV in the

CdSe/CdTe QDH.

Figure 6.15(a)(i) shows ∆EX along l9 and l11 in Fig. 6.10(c): dielectric mismatch

Figure 6.15: (a) (i) ∆EX along l9 (grey squares) and l11 (black squares) in Fig. 6.10(c),
(ii) shows ρspe(h) and (iii) shows ρxe(h) for an a = 1 nm, as = 2 nm CdTe/CdSe QDH, the

latter for the dielectric mismatch case. Blue (red) lines represent electron (hole) RPD. (b)
shows ∆EX along l10 (grey squares) and l12 (black squares).

changes ∆EX by ∼ 10 meV for as < 1.5 nm, after which the curves are almost

identical. Figure 6.15(a)(ii) shows ρspe(h) and Fig. 6.15(a)(iii) shows ρxe(h) in the
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presence of dielectric mismatch for an a = 1 nm, as = 2 nm CdTe/CdSe QDH. The

latter shows that both charge carriers are shifted away from the surface, although

the hole is affected more. This explains why light blue areas to the left of the hole

localisation boundary in Fig. 6.10(c) for CdTe/CdSe QDHs occur where ps is high in

Fig. 4.9(c); dielectric confinement only affects the 1s1/23S3/2 exciton when there is

significant hole RPD in the shell. To the right of the localisation boundary the hole

is localised in the core and therefore unaffected by the peak in Vs(r) at r = a+ as.

Figure 6.15(b) shows ∆EX along l10 and l12 in Fig. 6.10(c); dielectric mismatch

mainly changes ∆EX to the left of the hole localisation boundary, with the minimum

at a ∼ 2.5 nm being changed by only ∼ 8 meV. Therefore this region of large energy

shift is primarily due to the interparticle Coulomb interaction. To investigate the

minimum in Fig. 6.15(b), in Fig. 6.16 we plot RPDs for QDHs with a = 2.75 nm

and as = 1.5, 2, 2.5 and 3 nm which lie along the lines l9 and l11 in Fig. 6.10(c).

Figure 6.16(a) shows ρspe(h), illustrating how the carriers have similar RPDs even

Figure 6.16: RPDs for CdTe/CdSe QDHs with a = 2.75 nm cores and 1.5, 2, 2.5 and 3
nm wide shells; (a) shows ρspe(h) and (b) shows ρxe(h) for ε = 6.65 (full lines) and in the

presence of dielectric mismatch (dotted lines). Insets show wavefunction coefficients |cβ|2
for ε = 6.65 and vertical grey lines represent material boundaries.

when as = 1.5 nm and the electron is delocalised - leading to the high Pt region

seen in Fig. 4.8(c). As as increases and the electron localises in the shell the overlap
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increases further, shown by the similarity of the curves representing ρspe and ρsph .

Figure 6.16(b) shows ρxe(h) for ε = 6.65 (full lines) and in the presence of dielectric

mismatch (dotted lines). For the as = 1.5 nm QDH the Coulomb interaction does not

change the RPDs much, and dielectric mismatch only causes a slight shift towards

r = 0. When as = 2 nm the Coulomb interaction dramatically changes the RPDs,

with ρxh shifting into the core and ρxe being pulled towards it. Due to the competing

effects of attraction by the core localised hole and the h/e CBM profile the electron

density becomes delocalised over the QDH. Insets in Fig. 6.16 show |cβ|2 for ε = 6.65;

Ψx
1,1 mainly consists of the 2s1/21S3/2 EHP for as = 2, 2.5 and 3 nm (corresponding

to β = 31, 36 and 35 respectively). These large changes in RPD due to correlation

lead to the large magnitude energy shifts in Fig. 6.10(c).

Figure 6.17(a)(i) shows ∆EX along the lines l13 and l15 for CdSe/CdTe QDHs.

Introducing dielectric confinement increases the depth of the minimum at as = 1.75

nm, and produces another minimum at as = 0.5 nm. This shows that the minimum

Figure 6.17: (a) (i) ∆EX along l13 (grey squares) and l15 (black squares) in Fig. 6.10(c);
(ii) shows ρspe(h) and (iii) shows ρxe(h) for an a = 3.5 nm, as = 0.5 nm CdSe/CdTe QDH,

the latter for the dielectric mismatch case. Blue (red) lines represent electron (hole) RPD.
(b) ∆EX along l14 (grey squares) and l16 (black squares).

at as = 1.75 nm is due to the interparticle Coulomb interaction, and the minimum
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at as = 0.5 nm is due to the self-polarisation potential. Figure 6.17(a)(ii) shows

ρspe(h) and (iii) shows ρxe(h) (in the presence of dielectric mismatch) for an a = 3.5 nm,

as = 0.5 nm CdSe/CdTe QDH; dielectric mismatch mainly affects the hole by the

mixing of 1s1/2nS3/2 (n = 1, 2, 4, 5) EHPs into the wavefunction. This is the cause

of the light blue region in Fig. 6.10(c) for a & 2 nm, as ' 0.5 nm.

Figure 6.17(b) shows ∆EX along the lines l14 and l16, demonstrating how dielec-

tric mismatch lengthens the minimum in Fig 6.10(c) in the direction of decreasing

a. Figure 6.18 shows from left to right, RPDs for CdSe/CdTe QDHs with as = 1.75

nm and 2, 2.5, 3 and 3.5 nm radius cores which lie along the lines l14 and l16 in Fig.

6.10(c). From the localisation boundaries (Fig. 6.10(c)) the hole is in the delocalised

Figure 6.18: RPDs for CdSe/CdTe QDHs with as = 1.75 nm shells and 2, 2.5, 3 and 3.5
nm radius cores; (a) shows ρspe(h), (b) ρxe(h) for ε = 6.65 and (c) ρxe(h) in the presence of
dielectric mismatch. Vertical grey lines represent material boundaries, and blue and red
lines correspond to the electron and hole respectively.

regime and the electron becomes core localised at a = 2.58 nm; this is reflected in the

single-particle RPDs in Fig. 6.18(a). The introduction of the interparticle Coulomb
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interaction in Fig. 6.18(b) dramatically changes the RPDs. For the a = 2 and 2.5

nm QDHs the hole RPD becomes more evenly distributed over the whole structure,

with more present in the core; the electron RPD only subtly changes. In the a = 3

nm QDH, electron RPD moves into the shell, accompanied by hole RPD; this is

mainly due to the addition of the 2s1/21S3/2 EHP (at β = 30) to the wavefunction

(see inset). The last panel of Fig. 6.18(b) shows that the hole density becomes

completely localised in the shell, whilst the electron is delocalised over the QDH

which is essentially the reverse of the single-particle situation in Fig. 6.18(a). The

inset of the last panel of Fig. 6.18(b) shows Ψx
1,1 is close to the 2s1/21S3/2 EHP

wavefunction.

Figure 6.18(c) shows the RPDs in the dielectric mismatch case; for all core sizes

Vs(r) repels the carrier densities from the surface. Compared to the single-particle

picture the electron RPD is not significantly changed, but the hole RPD becomes

mainly localised in the core. The peak in Vs(r) at r = a+as prevents the transition to

a shell-localised hole, so that the exciton wavefunction Ψx
1,1 is mainly a superposition

of 1s1/2nS3/2 (n = 3, 4, 5) states.

In overview, we see that the strong ∆EX feature seen in the CdTe/CdSe QDH

for as & 2 nm is equivalent to the small feature seen for a & 3 nm and as ' 1.75 nm

in the CdSe/CdTe QDH (Fig. 6.10(c)). Both are due to the interparticle Coulomb

interaction which causes the 1s1/23S3/2 exciton to evolve into the 2s1/21S3/2 EHP

with increasing shell thickness (core radius) for the CdTe/CdSe (CdSe/CdTe) QDH.

Figure 6.19 highlights the symmetry between the two cases: (a) shows ρxe(h) for an

a = 2.75 nm, as = 3 nm CdTe/CdSe QDH and (b) shows ρxe(h) for an a = 3.5

nm, as = 1.75 nm CdSe/CdTe QDH. The Coulomb interaction enables the hole

to localise in the core (shell) in the h/e (e/h) QDH and causes the electron to be

delocalised, lowering the energy of the exciton relative to the non-interacting EHP.
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Figure 6.19: The first row shows RPDs ρxe(h) for (a) an a = 2.75 nm, as = 3 nm CdTe/CdSe

QDH and (b) an a = 3.5 nm, as = 1.75 nm CdSe/CdTe QDH for the uniform dielectric
constant case; insets show single-particle RPDs. The second row shows the difference
∆Esp21,13 in single-particle gaps for the two structures (see main text), with the (a, as)
coordinates corresponding to the QDHs in the first row shown as dots.

The energy change ∆EX is much larger for the CdTe/CdSe QDH because the hole

RPD changes from being mainly shell localised (Fig. 6.19(a), inset) to core localised,

whilst in the CdSe/CdTe QDH it changes from being delocalised over the QDH (Fig.

6.19(b), inset) to being shell localised.

Although the areas of large magnitude energy shift in Fig. 6.10(c) roughly co-

incide with the high Pt features in Fig. 4.8(c) we note that the shapes of such

regions differ markedly, particularly for the CdTe/CdSe QDH in which the large

∆EX feature is almost triangular. The shape of the ∆EX features in Fig. 6.10(c)

can be understood in terms of the single-particle gaps of the EHPs which constitute

the exciton states. In Fig. 6.19(c) and (d) we plot ∆Esp
21,13 = E21 − E31 where

E21 = Ee
1/2,1,2 − Eh

3/2,1,1 is the 2s1/21S3/2 gap and E13 = Ee
1/2,1,1 − Eh

3/2,1,3 is the

1s1/23S3/2 gap (see Eqns A.10 and A.15). Areas enclosed by black lines represent

regions for which ∆Esp
21,13 < 0, showing that the areas of large magnitude ∆EX occur
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in regions of (a, as)-space for which the 2s1/21S3/2 single-particle gap is smaller than

the 1s1/23S3/2 gap.

6.5.4 Excitation probability shifts

Figure 6.20 shows ∆Pt (Eqn. 6.30) for the 1s1/2nS3/2 (n = 1, 2, 3) excitons in the

DCI scheme, showing that areas of large magnitude shift roughly coincide with

areas of high overlap between the single-particle wavefunctions (Fig. 4.8). The

Figure 6.20: Excitation probability shifts ∆Pt for 1s1/2nS3/2 excitons in CdTe/CdSe and
CdSe/CdTe QDHs; (a), (b) and (c) correspond to n = 1, 2 and 3. The first and third
columns show shifts for QDHs for ε = 6.65, whilst the second and fourth columns show
energy shifts including dielectric mismatch. Electron (hole) localisation boundaries are
shown as blue (red) lines.

largest shifts tend to coincide with the largest energy shifts in Fig. 6.10 since the
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greater the change in carrier density due to correlation the greater the change in

exciton energy and electron-hole overlap. Therefore introducing dielectric mismatch

increases the shifts ∆Pt.

Figure 6.20 shows that correlation tends to reduce the excitation probability

(∆Pt < 0) in the CdTe/CdSe QDHs (shown by the green and blue areas) and

increase it (∆Pt > 0) in most of the CdSe/CdTe QDHs (shown by the red areas).

Interestingly for the 1s1/21S3/2 CdSe/CdTe exciton ∆Pt changes from negative to

positive as the shell thickness increases; the ∆Pt = 0 contours are denoted by dashed

black lines in Fig. 6.20(a).

Trends in ∆Pt can be understood in terms of the RPDs (Section 6.5.3), although

we note that its sign cannot always be determined from the plots since P x
t is cal-

culated as a coherent superposition of single-particle momentum matrix elements

(Eqn. 6.29) and depends on the magnitudes and signs of the coefficients cβ.

We see that in the absence of dielectric mismatch ∆Pt is very small in magnitude

for the 1s1/21S3/2 and 1s1/22S3/2 excitons in both QDHs (Fig. 6.20(a),(b)). In the

presence of dielectric mismatch, ∆Pt reaches ∼ −0.04 in the CdTe/CdSe QDH,

compared to 0.17 and 0.07 for the 1s1/21S3/2 and 1s1/22S3/2 CdSe/CdTe excitons

respectively (Fig. 6.20(a),(b)). In the CdTe/CdSe QDH the small decreases in

Pt are due to the mixing of the 2s1/21S3/2 EHP into the wavefunction, whilst the

larger increases in the CdSe/CdTe QDH are due to mixing of 1s1/2nS3/2 EHPs

into the wavefunction. For CdSe/CdTe QDHs lying below the 1S3/2 localisation

boundary the hole is affected more by dielectric confinement, so ∆Pt is reduced

slightly. However once the localisation boundary is reached dielectric mismatch

prevents the hole localising in the shell (Fig. 6.12(b)(v)), thereby dramatically

increasing the electron-hole overlap relative to the single-particle case. This causes

the largest ∆Pt values in any of the considered CdSe/CdTe QDH excitons. A similar

effect leads to the positive ∆Pt region above the 2S3/2 localisation boundary in Fig.
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6.20(b).

For the CdTe/CdSe QDH the largest ∆Pt values are are associated with the

1s1/23S3/2 exciton, with ∆Pt reaching -0.11 for a = 2.25 nm, as = 4 nm. The

large decreases in excitation probability are due to interparticle Coulomb interaction

causing the exciton state to become mainly composed of the 2s1/21S3/2 EHP. As a

result the electron RPD is delocalised over the QDH and the hole RPD is mainly in

the core (Fig. 6.19(a)), greatly reducing the excitation probability.

In the CdSe/CdTe QDH the 1s1/23S3/2 single-particle states have relatively small

overlap to begin with, shown by the relatively weak feature in Fig. 4.8(c) at a & 2

nm, as ' 1.75 nm. The interparticle Coulomb interaction causes the 1s1/23S3/2

exciton state to be mainly composed of the 2s1/21S3/2 EHP in this area, so that

∆Pt ∼ 0.01. The introduction of dielectric mismatch triples this to 0.03 by forcing

the electron and hole closer to the centre of the QDH (Fig. 6.18(c)) so the exciton

is mainly a superposition of 1s1/2nS3/2 (n = 3, 4, 5) states (Fig. 6.18(c)).

6.6 Conclusions and future work

CI calculations for excitons in CdTe/CdSe and CdSe/CdTe QDHs were implemented

using the (2,6)-band theory and the BP model for the Coulomb interaction. We used

an FCI scheme to include the effects of all confined electron states and hole states

up to j = 15
2

. We found that 1s1/2nS3/2 (n = 1, 2, 3) excitons are mainly composed

of s1/2S3/2 EHPs, so developed a DCI scheme in which excitons are purely super-

positions of these EHPs. We found that exciton energies from the DCI calculation

agreed with those from the FCI calculation to within a few meV up to the first 400

EHP states of the FCI basis.

We implemented the DCI calculation for CdTe/CdSe and CdSe/CdTe QDHs to

find the energy shift ∆EX (Eqn. 6.26) due to correlation as a function of a and
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as using uniform and non-uniform spatial dielectric constants. Dielectric mismatch

dramatically increases |∆EX | for many QDH designs, particularly for the 1s1/21S3/2

and 1s1/22S3/2 excitons. The main areas of energy shift due to dielectric confinement

lie predominantly in the type-I and quasi-type-II regimes, although they sometimes

extend into the type-II regimes (most notably for the 1s1/21S3/2 and 1s1/22S3/2

CdSe/CdTe excitons). Dielectric mismatch increases correlation by repelling carrier

wavefunctions from the QDH surface, thereby reducing the electron-hole separation.

The largest magnitude energy shifts occur for the 1s1/23S3/2 excitons: when

ε = 6.65, ∆EX reaches -146 meV and -52 meV in the CdTe/CdSe and CdSe/CdTe

QDHs respectively. These shifts are associated with the exciton wavefunction being

mainly composed of the 2s1/21S3/2 EHP due to the interparticle Coulomb attraction,

and occur in QDHs for which the 2s1/21S3/2 single-particle gap is smaller than that

of the 1s1/23S3/2 gap. This shows that the single-particle electronic structure has

a significant effect on the strength of correlation in these structures. Introducing

dielectric mismatch does not significantly affect the 1s1/23S3/2 correlated densities

in the CdTe/CdSe QDH, but significantly changes them in the CdSe/CdTe QDH so

the exciton wavefunction is a superposition of 1s1/2nS3/2 (n = 3, 4, 5) states.

We found that correlation reduces the excitation probability of the 1s1/2nS3/2

(n = 1, 2, 3) excitons in the CdTe/CdSe QDHs, but increases it in most of the

CdSe/CdTe QDHs. We found that in CdTe/CdSe QDHs ∆Pt (Eqn. 6.30) is largest

in magnitude for the 1s1/23S3/2 exciton, reaching a maximum value of -0.11. For

the CdSe/CdTe QDH ∆Pt is largest for the 1s1/21S3/2 exciton, reaching 0.17.

The effect of non-orthogonal single-particle states from the energy-dependent

Hamiltonians could be taken into account by calculating overlap integrals among

the single-particle states, for example δnh,n′h in Eqn. 6.10 would be replaced by

〈n′hlhjhmh|nhlhjhmh〉. This would greatly increase the computational demand, par-

ticularly for the far more numerous hole states. One way to deal with this would be
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to parallelise the calculation. Use of OpenMP would allow parallel evaluation using

a particular node of a cluster, whilst further speed-up could be obtained by using

OpenMPI to make full use of distributed computing facilities. However we note that

implementing such modifications to the code would be non-trivial.

A more elegant solution may be to implement the CI calculations using the 8-

band theory - much of the formalism in Section 6.4.2 would be similar, the main

difference being that VB components of the electron wavefunction and CB compo-

nents of the hole wavefunction should be taken into account. This approach would

probably involve some work to determine the most appropriate values of the mod-

ified Luttinger parameters and disymmetry parameter ξ to be consistent with the

bulk bandstructures and experimentally measured QDH exciton energies.

It would also be interesting to extend the calculation to exciton states originating

from EHP states without spherical symmetry, for example the 1p1/21P3/2, 1p3/21P3/2,

1p3/21P5/2 states which were assigned to CdTe/CdSe NC exciton states in Chapter

4.



Appendix A

Multiband k·p theories

This appendix gives further details of the multiband k·p theories used to calculate

single-particle states in QDs and QDHs in Chapters 3 to 6.

A.1 8-band radial functions

In this section we give explicit expressions for the radial functions of a spherical

core-shell QDH in a finite potential well within the 8-band analytic theory of ER.161

Wavefunctions are characterised by parity p, total angular momentum j and the

z-component of the angular momentum m = jz:
161

Ψ±j,m(r) = R±c (r)

1/2∑
µ=−1/2

Ωc
µu

c
1
2
,µ

+
2∑
i=1

R±hi(r)

3/2∑
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Ωhi
µ u

v
3
2
,µ

+R±s (r)

1/2∑
µ=−1/2

Ωs
µu

v
1
2
,µ

(A.1)

where the Ω functions are defined in Ref. 161. ER considered QDs in infinite

potential wells, so only wavefunctions in the region r < a were required. For a

spherical core-shell QDH in a finite potential well the wavefunctions are defined in

three regions (Fig. 3.9(c)).

Denoting the nth order spherical Bessel function of the first kind by jn, the radial
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functions for r ≤ a are161
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where ηpj = p/(2j + 1 − p) (Ref. 191) and the Ci (i = 1, .., 4) are numerical

constants. R+
c,j denotes a positive parity function (p = 1), R−c,j denotes a negative

parity function (p = −1), etc.

Denoting the nth order spherical Bessel function of the second kind by yn, the
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8-band functions for a < r ≤ a+ as are
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where Ca1, .., Ca4 and Cb1, .., Cb4 are numerical constants. In the external region we

assume single-band dispersions for the electron and hole, and denoting nth order
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spherical Hankel functions of the first kind hn gives the radial functions:

R±c,j(r) = Ce1hj−p/2(Im(ke)r) (A.9)

R±h1,j(r) =


0 if j = 1/2 and p = −1

Ce3hj+p/2(Im(kh)r) otherwise

(A.10)

R±h2,j(r) =



0 if j = 1
2 and p = 1

Ce3hj−3p/2(Im(kh)r) if j = 1
2 and p = −1

Ce4hj−3p/2(Im(kh)r) otherwise

(A.11)

R±s,j(r) = Ce2hj+p/2(Im(kh)r) (A.12)

where Ce1, ..., Ce4 are numerical constants. The Λ functions are defined by161
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Λ(i)
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(i)
1 − 2γ(i))k2 (A.15)

where i = 1, 2 for the core and shell regions respectively. δ, γ and γ1 are constants

within each spherical region - we denote δ in the core by δ(1), δ in the shell by δ(2),

etc.

A.2 (2,6)-band theory

In the (2,6)-band theory the 8-band wavefunction is split into the separate carrier

wavefunctions Ψe
j,m,p and Ψh

j,m,p (Eqn. 3.58 and 3.59). The following description

of the (2,6)-band theory is adapted from Appendix B of Ref. 191, with notation

slightly modified to include the ordinal number n in accordance with the work in

Chapter 6.
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A.2.1 Electron states

The 2-band electron Hamiltonian Ĥe was obtained from the 8-band form by setting

γ1 = γ2 = γ3 = 0, and cξ = −1 to eliminate the VB envelopes.191 Then the SE

becomes

ĤeΨ
e
j,m,p,n = Ee

j,p,nΨe
j,m,p,n (A.10)

where
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and Ee
j,p,n is the eigenenergy. The envelope functions F c;j,m,p,n

1
2
,µ
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2
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defined in Eqn. 6.8. The radial component of the electron current operator is191
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)
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εv = 2m0Ev/~2 where Ev is the energy of the VBM and we calculate α using Eqn.

3.43.

A.2.2 Hole states

The 6-band hole Hamiltonian Ĥh was obtained by setting α = 0 and cξ = 1 to

eliminate the CB envelopes.191 Then the SE becomes

ĤhΨ
h
j,m,p,n = Eh

j,p,nΨh
j,m,p,n (A.15)
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where Ψh
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Eh
j,p,n is the eigenenergy. The envelope functions F v;j,m,p,n

J,µ (J = 1
2
, 3

2
, µ = −J, .., J)

are defined in Eqn. 6.9. Ĥh is obtained from the 8-band form by deleting the first

two rows and columns, modifying the EMA parameters as follows:191

γ1 → γL1 (ε) = γ1 +
v2

3(εc − ε)
, γ2,3 → γL2,3(ε) = γ2,3 +
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and modifying χ with

χ→ χL(ε) = χ+
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6(εc − ε)
(A.17)

where εc = 2m0Ec/~2 and Ec is the energy of the CBM. In the spherical approxi-

mation

γ → γL(ε) +
v2

6(εc − ε)
. (A.18)

The 6-band hole current operator is derived from the 8-band operator by deleting the

first row and column of Ĵ (p)
j and making the replacements γ1 → γL1 (ε), γ → γL(ε)

and χ→ χL(ε), giving191
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where

Dr =
∂

∂r
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, A
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apj =
√

1 + 3ηpj , bpj =
√

3(1− ηpj ), (A.21)

cpj = 1− 3ηpj , f j,pn = p(j + 1/2− np/2). (A.22)



Appendix B

CdTe/CdSe nanocrystals

In Ref. 250 we compared perturbation theory calculations with QMC simulations

of the exciton Coulomb energy for CdTe/CdSe QDHs. This is a useful comparison

to make because QMC simulations enable an exact treatment of the correlation in

QDs (Fig. 1.13), so can provide information about whether we are justified in using

the strong confinement approximation for excitons (Eqn. 3.64).

B.1 Quantum Monte Carlo Simulations

QMC calculations were performed by McDonald306 at Heriott-Watt University us-

ing the open source code package pi-qmc developed by Shumway307 which utilises

Feynmann’s path integral (PI) formulation of quantum mechanics. In the PI-QMC

formalism the density matrix is

ρ(R,R′; β) =
1

Z
〈R|e−βH |R′〉 (B.1)
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where R = (re, rh) represents the particle coordinates. The expectation value of the

physical observable O is calculated as

〈O〉 =

∫
dRdR′ρ(R,R′; β)〈R|O|R′〉 (B.2)

A spatially varying dielectric constant modifies the interparticle Coulomb inter-

action and gives rise to self-energies (see Section 3.2.1) which are straightforwardly

incorporated into EFA calculations. For PI-QMC calculations dielectric mismatch

could be incorporated by solving the Poission equation (Eqn. 3.36) for every sim-

ulation step but unfortunately this turns out to be computationally intractable.306

Therefore PI-QMC and first order perturbation calculations were performed for a

uniform spatial dielectric constant ε = 6.65

For both PI-QMC and EFA calculations the band gaps were taken to be Eg1 =

1.475 eV and Eg2 = 1.75 eV for CdTe and CdSe, and Eg3 = 4.832 eV for the external

medium. The VB offsets were Ev1 = 0.57 eV240 and Ev2 = 1.325 eV. Single-band

parabolic dispersions were assumed for both the EFA and PI-QMC calculations since

QMC simulations are not easily adapted for the inclusion of VB structure. Carrier

effective masses were taken to be me = 0.13m0 and mh = 0.35m0.308 All QMC

calculations were performed at 300 K.

B.2 Numerical results and discussion

Figure B.1(a) shows the Coulomb energy Ec as a function of as for CdTe/CdSe

QDHs with four core sizes calculated using first order perturbation theory and the

PI-QMC method. We see good agreement between the energies calculated using the

two methods, with the size dependences being very similar. PI-QMC results are

generally ∼ 10 meV lower than the perturbation results due to correlation between
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Figure B.1: Coulomb energy Ec versus shell thickness for different CdTe core radii cal-
culated using the PI-QMC method306 (lines plus symbols) and first order perturbation
theory (dashed lines). (b) The difference between the energies calculated with the two
methods shown in (a).

the electron and hole wavefunctions that is neglected in the latter approach. Figure

B.1(b) shows the difference between the perturbation theory and PI-QMC energies in

(a), showing that the two methods agree to within 15 meV for the sizes considered.

For smaller core sizes the energy difference remains almost constant at around 7

meV. Interestingly, for the a = 3 and 4 nm cores the difference is greatest for

thinner shells (as < 2 nm) and falls with increasing as. Since as mainly controls

the electron localisation in h/e NCs, one explanation is that for narrow shells the

electron is delocalised over the QDH so Eqn. 3.64 is less accurate and correlation

becomes more important. As as increases the electron localises in the shell so Eqn.

3.64 becomes a more accurate description of the exciton. This is supported by the

fact that the fall in energy difference for a = 4 nm NC occurs around as ∼ 1.5

nm (Fig. B.1(b)), and roughly matches the position of the electron localisation

boundary (black line in Fig. 4.7(a)).

Since both the PI-QMC and EFA calculations assume the same parabolic EMA

descriptions of the carriers, these results provide a comparison of two different ways

to treat the Coulomb interaction in the QDH excitons, and suggest that first order

perturbation theory is sufficient for describing the experimental absorption wave-
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lengths of the lowest excitons for the NC sizes considered here.



Appendix C

ZnTe/ZnSe nanocrystals

C.1 Continuum elasticity model

Balasubramanian et al.263 developed a CEM for describing the stress and strain

fields in lattice mismatched Ge/Si core-shell NCs. The stress in the core is given

by263

σrr = σθθ = θφφ = −pi (C.1)

where pi is the interface pressure. Hooke’s Law in spherical coordinates gives the

relation between the stress and strain as

εrr =
1

E
(σrr − 2νσθθ) (C.2)

εθθ =
1

E
((1− ν)σθθ − νσrr) (C.3)

where E is Young’s modulus. Therefore the strain in the core is

εrr = εθθ = εφφ =
pi
Ec

(2νc − 1) (C.4)
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where pi is the interface pressure defined by263

pi =

2Es
3(1−νs)ε(1− c)
1− 2m

3
(1− c)

(C.5)

and Ec(s) is the Young’s modulus of the core (shell), νc(s) is Poisson’s ratio of the

core (shell), c = a3/(a + as)
3 is the volume fraction of the core, Kc is the bulk

modulus of the core, µs is the shear modulus of the shell, a0c(s) is the equilibrium

lattice constant of the core (shell), m is the elastic mismatch parameter and ε is the

constrained strain. The last two quantities are given by

m =
Es

1− νs

(
1− 2νs
Es

− 1− νc
Ec

)
, ε =

3Kc(a0c − a0s)

a0s(3Kc + 4µs)
(C.6)

Therefore the fractional volume change in the core is

∆Ω

Ω
= εrr + εθθ + εφφ =

3pi
Ec

(2νc − 1) (C.7)

In the shell, the strain is given by

εrr =
cpi

Es(1− c)
((1− 2νs)− (1 + νs)

(
a+ as
r

)3

) (C.8)

εθθ =
cpi

Es(1− c)
((1− 2νs) +

3

2
(1− νs)

(
a+ as
r

)3

) (C.9)

where r is the distance from the centre of the NC. Therefore

∆Ω

Ω
=

3cpi
Es(1− c)

(1− 2νs) +
2cpi

Es(1− c)

(
a+ as
r

)3

(1− 2νs) (C.10)

The Young’s modulus E and other material parameters used to model strain in

ZnTe/ZnSe NCs are shown in Table C.1. This CEM was used to help explain the

results of the physical characterisation experiments.
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Table C.1: Material parameters used to
model strain in ZnTe/ZnSe NCs.

Parameter ZnTe ZnSe

E (GPa) 43.95 a 75.5 b

ν 0.363 c 0.38 d

K (GPa) 50.9 e 62.4 e

µ (GPa) 28.6 f 18.35 g

a0 (nm) 0.61 h 0.567 i

aRef. 309 bRef. 310 cRef. 311 dRef. 312
eRef. 258 f Ref. 313 gRef. 314 hRef. 315
iRef. 316

C.2 Absorption features

This section contains the positions of features extracted from the absorption spectra

of the three size series of ZnTe/ZnSe NCs, i.e. a = 1.2 nm NCs (Table C.2),

a = 1.8 nm NCs (Table C.3) and a = 2.3 nm NCs (Table C.4). Peak positions were

extracted from the absorption data by Fairclough264 using Origin. First and second

absorption features were taken to be the minima in the second derivative. Higher

order transitions were identified by calculating the second and third derivatives of

the absorption spectra.

Table C.2: Wavelengths (in nm) of absorption features for
a = 1.2 nm ZnTe/ZnSe NCs.

as (nm) peak 1 peak 2 peak 3 peak 4 peak 5

0 425 391 370 347
0.284 458 421 387 369
0.6 477 437 409 385
0.885 494 454 424 402 392
1.3 524 473 443 419 403
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Table C.3: Wavelengths (in nm) of absorption features for
a = 1.8 nm ZnTe/ZnSe NCs.

as (nm) peak 1 peak 2 peak 3 peak 4 peak 5

0 446 414 381 356
0.285 465 436 405 384
0.575 484 455 424 395
0.88 505 473 440 398
1.1815 524 487 449 423 401
1.5262 533 495 459 424 405

Table C.4: Wavelengths (in nm) of absorption features for
a = 2.3 nm ZnTe/ZnSe NCs.

as (nm) peak 1

0 459
0.5 477
0.785 494
0.935 506
1.245 524



Appendix D

Configuration Interaction

Calculations

D.1 Fortran 90 code

This appendix contains descriptions of the Fortran 90 code used in the CI calcula-

tions of Chapter 6.

D.1.1 Single-particle basis states

This section describes the modules and programs in Fig. 6.3 used for hole basis state

calculations. Modules are labelled with the suffix ‘ d’ or ‘ q’ to indicate whether they

use DP or QP code. Note that hwfn q.f90 is used to solve for the coefficients of the

radial wavefunctions whilst hwfn d.f90 is used to perform the numerical integration

for calculation of the normalisation constants.

D.1.1.1 Modules

precision.f90 is the most basic module unit and defines kind types for later DP

and QP modules.
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dispersion q.f90 contains (2,6)-band material parameters for the three spatial

regions and routines317 for solving the dispersion equations (Section 3.2.2.2) and

sorting the roots. The functions Λ0, Λh and Λs (Eqns. A.13-A.15) are also defined

here.

sphbesselfns q.f90 contains analytic expressions for spherical Bessel functions

of the first and second kinds, spherical Hankel functions and their spatial deriva-

tives. Expressions for the Bessel functions and their derivatives were generated using

Mathematica and converted to Fortran using the FortranForm function,201 allowing

the evaluation of high angular momentum Bessel functions without using external

libraries or approximations.

lapack q.f90 contains QP versions of LAPACK subroutines and their BLAS

dependencies that are called by modules fzmat q.f90 and hwfn q.f90. Subrou-

tines from the Netlib website318 were modified to work with QP numbers. We

rename routines to avoid confusion with their DP counterparts, e.g. DGETRS be-

comes QGETRS. QGETRS is called in fzmat q.f90 to calculate Fz,e(h) and both QGETRF

and QGETRS are called in hwfn q.f90 to solve for the expansion coefficients of the

radial wavefunctions.

fzmat q.f90 contains definitions of the radial functions Eqns. A.2 to A.12 and

their derivatives in the three spatial regions. These are used to define the determi-

nants Fz,e(h) which are calculated by calling QGETRS.

hwfn q.f90 contains functions that calculate the expansion coefficients C2,

C3,..,Ce2, Ce3, Ce4 of the hole radial wavefunction for a given energy by calling

QGETRF and QGETRS.

hwfn d.f90 contains functions that evaluate R±h1,j, R
±
h2,j and R±s,j using the ex-

pansion coefficients previously calculated by the QP code. This allows the cal-

culation of the normalisation constants for the radial functions. We call the 1D

quadrature routine QAG from a Fortran 90 version of the QUADPACK numerical in-
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tegration library319,320 to calculate the normalisation constants. QAG calls the QK61

and QSORT subroutines319 that are defined in this module.

D.1.1.2 Programs

hbasis1.f90 is a QP program that calculates energies and expansion coefficients of

hole eigenstates and writes them to hole ‘level’ files in order of increasing quantisa-

tion energy. hbasis1.f90 contains a root-finding subroutine321 for solving Fz,h = 0.

Expansion coefficients corresponding to these energies are found using a function in

hwfn q.f90 and sorted by quantisation energy using the D mrgref ranking subrou-

tine from ORDERPACK 2.0.322 The sorted eigenenergies and associated coefficients

are written to file.

hbasis2.f90 reads hole energies and coefficients from the hole ‘level’ files and

uses a function defined in hwfn d.f90 to calculate the corresponding normalisation

constants in DP. The energies, coefficients and normalisation constants are then

written to the hole ‘state’ files.

D.1.2 Exciton states

This section contains more detailed descriptions of the Fortran code in Fig. 6.5 used

to calculate exciton states.

D.1.2.1 Modules

VCpotentials.f90 defines the Coulomb potentials Vl (Eqn 6.13). Vl is implemented

as a function which accepts arguments l, p, q, re and rh where p and q are vectors

that represent the recursive coefficients pm,l and qm,l for a particular value of l. The

recursive coefficients are precalculated and written to files (‘BP coefficient files’ in

Fig. 6.5).
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CGcoeffs.f90 contains definitions for Clebsch-Gordan coefficients, Wigner-3j

symbols and Gaunt coefficients necessary for calculating interparticle Coulomb ma-

trix elements (see Section 6.4.2.1).

VCelem.f90 contains functions which relate the Pokatilov radial wavefunc-

tions to the ER wavefunctions (Eqn. 3.48) and calculate Iej′ep′en′jepenmeLM and

Ihj′hp′hN ′jhphNmhLM
(Eqns. 6.17 and 6.18). This module also contains code for the

calculation of the Coulomb matrix elements (Eqn. 6.14). The function ECehmat

calculates the matrix representation of Vc in the |jmpn〉 basis which is transformed

to the EHP basis. Matrix elements are first calculated in the |jmpn〉 basis by in-

voking a 2D adaptive quadrature rule based on the Fortran 90 subroutine ADAPT

by J. Burkhardt;323 the original Fortran 77 version is by A. Genz.324 Testing of the

routine shows good agreement with Mathematica’s NIntegrate function - results

agree to within 1 meV.

VSelem.f90 contains code for calculation of matrix representations of the elec-

tron and hole self-polarisation potentials. Tables of the discretised self-polarisation

potential are pre-calculated using Mathematica and written to file - (‘Vs table files’

in Fig. 6.5); continuous self-polarisation potentials are generated from these ta-

bles using a cubic spline subroutine called CUBIC SPLINE.325 The function ESEehmat

reads the electron and hole ‘state’ files, calculating matrix elements of Vs(re) in the

|jmpn〉 basis using 1D quadrature routines modified from a Fortran 90 version319 of

QUADPACK320 (namely QAG, QAGe, QK61 and QSORT). QK61 implements a 61 point

Gauss-Kronrod rule, giving self-energies which agree with Mathematica to within

1 meV. Matrix elements are then transformed to the EHP basis. The function

HSEehmat performs a similar role for the hole potential Vs(rh).

sphharmonics.f90 contains expressions for the spherical harmonics Yl,m gener-

ated using Mathematica and the FortranForm function.201
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integrands.f90 contains definitions of the radial integrands required to calcu-

late the excitation probability of the exciton states (Table D.2); these were calculated

in Mathematica.

excprob.f90 is used for calculating the radial integrals needed to find excitation

probabilities of exciton states. It contains a function that finds the excitation prob-

ability of individual EHPs by calling a version of the QAG quadrature routine;319,320

and contains the QK61 and QSORT routines.319,320

D.1.2.2 Programs

exciton.f90 is the main program for calculating exciton states and has the module

dependencies shown in Fig. 6.5. It contains the functions Eehmat and Hehmat

which calculate matrix representations of the Hamiltonians Ĥe and Ĥh . During CI

calculations Eehmat reads the single-particle states from the electron and hole state

files (Fig. 6.3) and calculates the matrix representation of Ĥe in the basis of Eqn.

6.4. Hehmat performs the same task for Ĥh. Eehmat and Hehmat accept arguments

to control the number of electron and hole states read from file. If ne,max electron

and nh,max hole states are read these functions return (ne,maxnh,max)×(ne,maxnh,max)

matrices.

exciton.f90 also contains the function EXmat which calculates the Hamilto-

nian matrix for particular a, as values, taking into account the first ne,max electron

and nh,max hole states. The Fortran code below shows that EXmat calculates the

Hamiltonian matrix by summing the matrix representations of the terms in Eqn.

6.1:

function EXmat(a,ac,nemax,nhmax)

real (kind=dp):: a, ac

integer:: nemax, nhmax, x, y

real(kind=dp), dimension(nemax*nhmax,nemax*nhmax):: EXmat
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EXmat = Eehmat(a,ac,nemax,nhmax) - Hehmat(a,ac,nemax,nhmax) &

+ ECehmat(a,ac,nemax,nhmax) + ESEehmat(a,ac,nemax,nhmax) &

+ HSEehmat(a,ac,nemax,nhmax)

end function EXmat

The subroutine EXenprob calls EXmat and calculates the eigenvalues and eigen-

vectors of the Hamiltonian matrix as a function of the number of electron and hole

basis states included by calling the LAPACK routine DSYEV for the appropriate sub-

matrices. EXenprob produces six different types of file which are described in Table

D.1.

Table D.1: Table showing files produced by the EXenprob subroutine with descriptions of
their contents; n = 1, 2, 3 for exciton states 1s1/2nS3/2.

file name description

eigenenergies.dat A list of eigenenergies for the largest basis set considered with
n2
e,maxn

2
h,max elements.

ENshiftn.dat Energy shift ∆EX of the exciton relative to first order
perturbation theory for the largest basis set.

EXeign.dat An array listing the coefficients cα next to the corresponding
single-particle states for the largest basis set.

EXenn.dat ne,max × nh,max array representing the exciton energy EDCI
X

as a function of the number of electron and hole states in basis.
EXprobn.dat ne,max × nh,max array representing the excitation probability P xt

as a function of the number of electron and hole states in basis.
PROBshiftn.dat Shift ∆Pt of excitation probability for maximal basis set considered.

D.1.2.3 Auxiliary programs

Other programs were written for post-processing the output of exciton.f90. These

include eradprob.f90 and hradprob.f90 for calculating electron and hole RPDs

of single-particle and exciton states (Eqns. 6.35 and 6.35). Output is written to

file and then imported to Mathematica or Origin for visualisation. The program

res read.f90 was written for collating exciton and excitation probability shifts

which are written to different directories in a single file.
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D.2 Analytic expressions

D.2.1 Coulomb matrix elements

This section is concerned with the form of the interparticle Coulomb matrix ele-

ments. Using Eqns. 6.21 and 6.23 with Eqn. 6.19 allows matrix elements of Vc to

be found for arbitrary electron and hole basis states using Mathematica. Performing

the summations in Eqn. 6.19 leaves us with a purely radial integrand fc whose form

depends on the symmetry of the basis states.

Considering electron and hole states up to j = 3
2

gives 16 EHP basis states:

{|p 1
2
S 1

2
〉, |p 1

2
P 1

2
〉, |p 1

2
P 3

2
〉, |p 1

2
S 3

2
〉, |s 1

2
S 1

2
〉, |s 1

2
P 1

2
〉, |d 3

2
S 1

2
〉, |d 3

2
P 1

2
〉,

|d 3
2
P 3

2
〉, |d 3

2
S 3

2
〉, |s 1

2
P 3

2
〉, |s 1

2
S 3

2
〉, |p 3

2
S 1

2
〉, |p 3

2
P 1

2
〉, |p 3

2
P 3

2
〉, |p 3

2
S 3

2
〉}. (D.1)

Since the resulting expressions are very complicated we restrict ourselves to describ-

ing which matrix elements are non-zero in this basis. Figure D.1(a) shows which

Coulomb matrix elements are non-zero; coloured squares represent non-zero ele-

ments. Rows and columns correspond to states in the basis D.1. For example, the

(1,1) element corresponds to 〈p 1
2
S 1

2
|Vc|p 1

2
S 1

2
〉, the (1,2) element to 〈p 1

2
S 1

2
|Vc|p 1

2
P 1

2
〉,

etc.

Restricting the basis to s and p electron states and S and P hole states gives

{|p 1
2
S 1

2
〉, |p 1

2
P 1

2
〉, |p 1

2
P 3

2
〉, |p 1

2
S 3

2
〉, |s 1

2
S 1

2
〉, |s 1

2
P 1

2
〉,

|s 1
2
P 3

2
〉, |s 1

2
S 3

2
〉, |p 3

2
S 1

2
〉, |p 3

2
P 1

2
〉, |p 3

2
P 3

2
〉, |p 3

2
S 3

2
〉} (D.2)

so the array representing Vc in this basis has 12 rows and columns. The coloured

squares in Fig. D.1(b) show which matrix elements are non-zero; we further divide

this matrix into the 4× 4 submatrices m1, ...,m6 as indicated. For reasons of space
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m2 m3

m4 m5

m6

1           4              8              12            16
1

4

8

12

16

1              4                    8                  12    
1

4

8

12

m1

(a)                                                                            (b)

Figure D.1: (a) A representation of the Coulomb matrix elements in the basis D.1 -
coloured squares represent non-zero elements, white squares represent zero elements. (b) A
representation of Coulomb matrix elements in the basis D.2 and the submatricesm1, ...,m6.

we define new functions T ijkl to represent the product of two radial functions in the

ER notation:

T 11
cc = R+

c,jR
+∗
c,j′ , T 12

cc = R+
c,jR

−∗
c,j′ , T 21

cc = R−c,jR
+∗
c,j′ T 22

cc = R−c,jR
−∗
c,j′ (D.3)

T 11
ab = R+

ha,jR
+∗
hb,j′ , T 12

ab = R+
ha,jR

−∗
hb,j′ , T 21

ab = R−ha,jR
+∗
hb,j′ T 22

ab = R−ha,jR
−∗
hb,j′ (D.4)

T 11
ss = R+

s,jR
+∗
s,j′ , T 12

ss = R+
s,jR

−∗
s,j′ , T 21

ss = R−s,jR
+∗
s,j′ T 22

ss = R−s,jR
−∗
s,j′ (D.5)

where in Eqn. D.4 a and b can take the values 1 and 2, so for example T 11
11 =

R+
h1,jR

+∗
h1,j′ , T

11
12 = R+

h1,jR
+∗
h2,j′ , etc. We follow Eqn. 6.24 and represent the sub-

matrices m1, ...,m6 in terms of the radial integrand fc that results from different

combinations of basis states (Eqns. D.6-D.11).



D.2 Analytic expressions 226

m
1

=

        V
0
T

2
2
c
c
(T

2
2

2
2

+
T

2
2
s
s
)

4
π

0
0

0

0
V
0
T

2
2
c
c
(T

1
1

1
1

+
T

1
1
s
s
)

4
π

0
0

0
0

V
0
T

2
2
c
c
(T

2
2

1
1

+
T

2
2

2
2

+
T

2
2
s
s
)

4
π

0

0
0

0
V
0
T

2
2
c
c
(T

1
1

1
1

+
T

1
1

2
2

+
T

1
1
s
s
)

4
π

        
(D

.6
)

m
2

=

        

0
V
1
T

2
1
c
c

(T
1
2

1
2
−
T

1
2
s
s

)

1
2
π

−
V
1
T

2
1
c
c

(√
5
T

2
2

1
2

+
3
√

5
T

2
2

2
2

+
5
√

2
T

2
2
s
s

)

6
0
π

0

V
1
T

2
1
c
c

(T
2
1

2
1
−
T

2
1
s
s

)

1
2
π

0
0

−
V
1
T

2
1
c
c

(T
1
1

1
1

+
T

1
1

2
1

+
√

2
T

1
1
s
s

)

1
2
π

−
V
1
T

2
1
c
c

(√
5
T

2
2

2
1

+
3
√

5
T

2
2

2
2

+
5
√

2
T

2
2
s
s

)

6
0
π

0
0

V
1
T

2
1
c
c

(−
4
√

5
T

1
2

1
1

+
3
√

5
T

1
2

1
2

+
5
√

5
T

1
2

2
1
−

5
T

1
2
s
s

)

3
0
0
π

0
−
V
1
T

2
1
c
c

(T
1
1

1
1

+
T

1
1

1
2

+
√

2
T

1
1
s
s

)

1
2
π

V
1
T

2
1
c
c

(−
4
√

5
T

2
1

1
1

+
5
√

5
T

2
1

1
2

+
3
√

5
T

2
1

2
1
−

5
T

2
1
s
s

)

3
0
0
π

0

        
(D

.7
)

m
3

=

        

0
0

0
V
2
T

2
1

c
c
(√

2
T

1
2

1
2

+
√

2
T

1
2

2
2
−

2
T

1
2

ss
)

2
0
π

0
0

V
2
T

2
1

c
c
(√

1
0
T

2
1

1
1

+
3
√

1
0
T

2
1

2
1
−

1
0
T

2
1

ss
)

1
0
0
π

0

0
V
2
T

2
1

c
c
(√

1
0
T

1
2

1
1

+
3
√

1
0
T

1
2

1
2
−

1
0
T

1
2

ss
)

1
0
0
π

V
2
T

2
1

c
c
(4
T

2
2

1
1
−

3
T

2
2

1
2
−

3
T

2
2

2
1
−

4
T

2
2

2
2
−

5
T

2
2

ss
)

5
0
√

2
π

0

V
2
T

2
1

c
c
(√

2
T

2
1

2
1

+
√

2
T

2
1

2
2
−

2
T

2
1

ss
)

2
0
π

0
0

−
V
2
T

2
1

c
c
(T

1
1

1
2

+
T

1
1

2
1

+
T

1
1

ss
)

1
0
√

2
π

         (D
.8

)



D.2 Analytic expressions 227

m
4

=

        V
0
T

1
1

c
c
(T

2
2

2
2

+
T

2
2

ss
)

4
π

0
0

0

0
V
0
T

1
1

c
c
(T

1
1

1
1

+
T

1
1

ss
)

4
π

0
0

0
0

V
0
T

1
1

c
c
(T

2
2

1
1

+
T

2
2

2
2

+
T

2
2

ss
)

4
π

0

0
0

0
V
0
T

1
1

c
c
(T

1
1

1
1

+
T

1
1

2
2

+
T

1
1

ss
)

4
π

        
(D

.9
)

m
5

=

           

0
V
1
T

1
1
c
c
(T

1
2
s
s
−
T

1
2

1
2
)

6
√

2
π

V
1
T

1
1
c
c
(√

1
0
T

2
2

1
2

+
3
√

1
0
T

2
2

2
2

+
1
0
T

2
2
s
s
)

6
0
π

0

V
1
T

1
1
c
c
(T

2
1
s
s
−
T

2
1

2
1
)

6
√

2
π

0
0

V
1
T

1
1
c
c
(√

2
T

1
1

1
1

+
√

2
T

1
1

2
1

+
2
T

1
1
s
s
)

1
2
π

V
1
T

1
1
c
c
(T

2
1
s
s
−
T

2
1

2
1
)

6
√

2
π

0
0

V
1
T

1
1
c
c
(√

2
T

1
1

1
1

+
√

2
T

1
1

2
1

+
2
T

1
1
s
s
)

1
2
π

V
1
T

1
1
c
c
(√

1
0
T

2
2

2
1

+
3
√

1
0
T

2
2

2
2

+
1
0
T

2
2
s
s
)

6
0
π

0
0

V
1
T

1
1

c
c
(4
√

5
T

1
2

1
1
−

3
√

5
T

1
2

1
2
−

5
√

5
T

1
2

2
1

+
5
T

1
2
s
s
)

1
5
0
√

2
π

0
V
1
T

1
1
c
c
(√

2
T

1
1

1
1

+
√

2
T

1
1

1
2

+
2
T

1
1
s
s
)

1
2
π

V
1
T

1
1
c
c
(4
√

5
T

2
1

1
1
−

5
√

5
T

2
1

1
2
−

3
√

5
T

2
1

2
1

+
5
T

2
1
s
s
)

1
5
0
√

2
π

0

           
(D

.1
0)

m
6

=

               

V
0
T

1
1
c
c
(T

2
2

2
2

+
T

2
2
s
s
)

4
π

0
0

−
V
2
T

1
1
c
c
(T

1
2

1
2

+
T

1
2

2
2
−
√

2
T

1
2
s
s
)

2
0
π

0
V
0
T

1
1
c
c
(T

1
1

1
1

+
T

1
1
s
s
)

4
π

−
V
2
T

1
1
c
c
(√

5
T

2
1

1
1

+
3
√

5
T

2
1

2
1
−

5
√

2
T

2
1
s
s
)

1
0
0
π

0

0
−
V
2
T

1
1
∗

c
c

(√
5
T

1
2
∗

1
1

+
3
√

5
T

1
2
∗

1
2
−

5
√

2
T

1
2
∗

s
s

)

1
0
0
π

(T
1
1
c
c

(2
5
V
0
(T

2
2

1
1

+
T

2
2

2
2

+
T

2
2
s
s

)

1
0
0
π

0

+
V
2
(−

4
T

2
2

1
1

+
3
T

2
2

1
2

+
3
T

2
2

2
1

+
4
T

2
2

2
2

+
5
T

2
2
s
s

))

1
0
0
π

−
V
2
T

1
1
∗

c
c

(T
2
1
∗

2
1

+
T

2
1
∗

2
2
−
√

2
T

2
1
∗

s
s

)

2
0
π

0
0

T
1
1
c
c

(V
2
(T

1
1

1
2

+
T

1
1

2
1

+
T

1
1
s
s

)

2
0
π

+
5
V
0
(T

1
1

1
1

+
T

1
1

2
2

+
T

1
1
s
s

))

2
0
π

               
(D

.1
1)



D.2 Analytic expressions 228

D.2.2 Excitation probabilities

Table D.2 contains integrand expressions f(r) generated implementing Eqn. 6.29

using Mathematica. We use the ER notation for radial wavefunctions. The ex-

pressions are stored in the excprob.f90 module and used for calculating excitation

probabilities in the FCI scheme.

Table D.2: Radial integrand expressions f(r) needed for calculating excitation probabilities
of various EHPs assuming me = mh = 1
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[82] L. J. Sham and M. Schlüter. Density-functional theory of the energy gap.
Physical Review Letters, 51:1888–1891, 1983.
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